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Introduction 



Quantizing gravity 



Despite the remarkable successes of some of the main approaches to quantum gravity, 
we still do not have a satisfactory theory unifying general relativity (GR) and quantum 
field theory (QFT). A suitable quantization of gravitation is, thus, the most important 
unsolved problem of modern theoretical physics. The relentless search for a final theory is 
motivated by the hope that it will let us address the fundamental questions in cosmology 
and astrophysics, in particular, those related to the physics of the primitive universe and 
the generic problem of the appearance of singularities in physically relevant situations 
such as the collapse of compact objects and the formation process of black holes. 

Both GR and QFT are incomplete on their own. On one hand, the singularity theo- 
rems of GR state that, under certain energy conditions satisfied by matter, singularities 
are expected generic features of cosmological and collapse solutions [1]. The prediction 
of infinite energy densities and the consequent divergent curvature of the spacetime 
clearly indicates that the theory is being apphed beyond its domain of vahdity. On 
the other hand, QFT has the problem of yielding infinities whenever the amplitudes for 
multiply-connected Fcynman diagrams are calculated. When possible, these infinities 
are subtracted away by absorbing them into the free parameters of the theory through 
a renormalization process. In this context, quantum gravity is expected to provide a 
natural ultraviolet cutoff at the Planck length, Lp ~ 10~^^m, solving in part the prob- 
lem of the divergencies. Concerning the foundations of quantum theory, it is necessary 
to probe new interpretations avoiding the instrumentalism of the standard Dirac-von 
Neumann postulates, based upon the artificial distinction between the quantum system 
under study and the external classical observer who measures it [2]. This is specially 
so in the context of quantum cosmology, where one faces the problem of correctly in- 
terpreting the wave function of the universe. The measurement problem in quantum 
mechanics deserves special attention. Recall that, given a physical system in a (possibly 
mixed) state p, the result state of an ideal measurement of a quantum observable A, 
with respect to a set of measured values in a Borel set A e Bor(M), is described by the 
density operator 
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where is the unique spectral measure associated with A. This transition is nonlocal, 
stochastic and irreversible, and may come into conflict with the deterministic evolution 
of closed systems. In this respect, some authors have put forward the idea that the 
reduction of the wave packet may be related to GR, concretely, to the existence of an 
initial singularity [3]. 

In view of the highly successful description of electromagnetic and nuclear forces 
provided by the SU{3) x SU{2) x f/(l) standard model, it is quite natural to attempt 
a quantization of the gravitational field following the same strategy that for the rest of 
interactions. To do this, one starts by assuming a concrete topology for the spacetime 
and splitting its metric g^i, in the form 

dfiu = g^t^^ + Gnh^y , 

where g*j^^ is taken to be a background metric and h^y is the dynamical field which 
measures the deviation of the physical metric from the background. denotes the 
Newton constant. Quantum gravity is then seen as a theory of small quantum fluctua- 
tions around g^^. Note that, in this context, the use of a background fleld is strictly 
necessary in order to apply the usual quantum field perturbative techniques, providing a 
fiducial causal structure used to discuss important items as micro-causality. In particu- 
lar, when g^^^l^"^ is chosen to be the flat metric, one can use the well-known representation 
theory of the Poincarc group to show that the quanta of the /i^j, fleld are massless parti- 
cles with spin two. These are the so-called gravitons, which interact with each other and 
with matter according to the Einstein-Hilbert Lagrangian or its possible extensions. 
Detailed calculations lead to conclude, however, that Einstein's GR is perturbatively 
non-renormalizable at two loops for pure gravity, and at one loop for gravity coupled 
to matter [4]. Because of this, it is generally agreed that the quantization procedure 
introduced above cannot provide a mathematically consistent and predictive fundamen- 
tal theory valid to arbitrarily small distances. Indeed, in a non-renormalizable theory 
the number of basic parameters tends to infinity at high energies. Prom this point of 
view, GR is rather an effective theory valid only at low energies. There are proposals to 
overcome this non-renormalizability problem by adding additional high power terms of 
the Riemannian curvature to the original Lagrangian, but then some problematic issues 
related to unitarity arise. 

Nevertheless, there are examples of field theories which do exist as fundamental the- 
ories despite their non-renormalizability. In the so-called asymptotic safety scenario, 
S. Weinberg pointed out the possibility that quantum gravity could be formulated in 
a nonperturbative way by invoking a non- Gaussian ultraviolet fixed point -in contrast 
with the standard perturbative renormalizations based upon Gaussian fixed points at 
which all couplings parameterizing the general action functional vanish. In this case, the 
theory would be asymptotically safe given the absence of unphysical singularities at high 
energies [5]. This issue is under investigation at the present moment, although most of 
the physicists focus their attention on two different research programs, namely, (super) 
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string theory and loop quantum gravity (LQG). The main aim of the first approach 
is to perform a unification of all known fundamental interactions, including gravity, in 
terms of excitations of one-dimensional objects called strings that evolve in a certain 
background metric space. Although the theory includes GR in its low-energy regime, 
so far it has not been possible to recover univocally the correct 4-dimensional standard 
model. Major efforts are devoted to this issue and also to probing the nonperturbative 
aspects of the theory. Despite these serious difficulties, string theory has successfully 
explained the Bekenstein-Hawking area law for a limited class of objects, the so-called 
BPS-type extremal black holes, with the correct prefactor 1/4 relating entropy and area 
[6] . The theory has also been successful describing the emission of Hawking radiation. 
Furthermore, string theory is expected to make the self-interacting Feynman diagrams 
finite order-by-order, solving in this way the non-renormalizability problem of quantum 
gravity. 

A leading alternative to string theory is LQG, a mathematically consistent, non- 
perturbative, generally-covariant and background-independent canonical quantization 
of GR which describes gravity as a theory of SU (2) connections and holonomies. This 
formulation differs substantially from the previous approach, in the sense that it tries 
to preserve the profound implications that GR has for the notions of space, time and 
causality. In fact, Einstein's GR is taken here as the basic starting point; although 
high-energy corrections to Einstein's equation may appear after quantization, they are 
not expected to modify the elegant description of gravitation in terms of a curvature 
of the spacetime geometry at large scales. As the main achievement of the theory, 
LQG has provided the correct entropy for a wide variety of black holes, including the 
Schwarzschild and Kerr types. However, there is a quantization ambiguity due to the 
so-called Barbero-lmmirzi parameter appearing in the eigenvalues of the area operator. 
To recover the right pre-f actor 1/4, one has to properly fix this parameter for each class 
of black hole. An effective equi-spacing of the degeneracy spectrum of microscopic black 
holes has also been shown to exist [7]. This is in (surprising) agreement with some solid 
results by Bekenstein, who inferred that the horizon area spectra of a black hole far 
away from extremality must be necessarily discrete and equally spaced in the context of 
any consistent quantum theory of gravity [8]. Future investigations will try to extend 
these results to the macroscopic limit [9]. In addition, there are some relevant results 
concerning the resolution of classical singularities such as the one corresponding to the 
Schwarzschild metric [10]. Despite these remarkable successes, however, the theory has 
not been able to recover the classical GR at its low-energy limit, and a definite formu- 
lation of the dynamics (related to the quantization of the Hamiltonian constraint) is 
not yet available. Because of this, some issues such as Hawking radiation are not well 
understood. 

Finally, we must mention another promising nonperturbative formulation of quan- 
tum gravity, the so-called causal dynamical triangulation (CDT) approach, whose aim is 
to give a rigorous mathematical meaning to the Lorentzian path integral corresponding 
to gravity (consisting of the usual Einstein-Hilbert action with a cosmological term) 
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by restricting it to geometries with a well defined causal structure (even at the Planck 
length). Large fluctuations in curvature are allowed at short scale, but in such a way 
that the resulting large scale geometry is nondegenerate. Concretely, the picture of the 
spacetime which emerges is as follows: At sub-Planckian scales, spacetime is fractal with 
dimension two, whereas a smooth classical geometry of effective (spectral) dimensional- 
ity equal to four is recovered at large scales [11]. 

It is clear that quantum gravity differs substantially from the majority of research 
branches in theoretical physics due to the absence of the experimental data necessary 
to sift through the broad range of proposals. Indeed, the Planck energy Ep ~ lO^^eV^, 
at which quantum gravity effects become relevant, is beyond the experimental range 
of any available (or conceivable) particle accelerator; in fact, these effects may only be 
probed in the very early age of our universe -the so-called Planck epoch- or in some 
violent astrophysical collapse processes. Given the obvious technical difficulties to ac- 
cess to this energy regime, it is not possible to subject the different tentative theories 
to a rigorous validation/falsation process in the traditional way. The feasibility of a 
quantum gravity formulation is rather settled by demanding that any reasonable theory 
predicts some of the well established semiclassical results already mentioned such as the 
Bekenstein-Hawking entropy, the Hawking radiation, or the quantization and equally- 
spacing (adiabatic invariance) of the horizon area of black holes. The mathematical 
consistency of the theory is also taken into account, as well as the successful attainment 
of concrete desired objectives, as the unification of all known fundamental forces in the 
case of string theory. 



Two-Killing vector symmetry reductions 

Along this thesis, we will adopt a somehow modest point of view. We will restrict 
ourselves to the study of some symmetry reductions of GR which are especially useful 
to gain valuable insights into the behavior of gravity in its quantum regime. In this 
context, Bianchi models and two-Killing vector reductions of GR have received a lot of 
attention owing to their applications in astrophysics and cosmology. Two-Killing vector 
reductions, in particular, have been widely considered as appealing testing grounds for 
quantum gravity owing to the fact that they still have local degrees of freedomj^ as well 
as (restricted) diffeomorphism invariance, two of the features of the gravitational theory 
that lie at the heart of the difficulties encountered in its quantization process. They 
often admit an exact quantization, being possible to make concrete predictions, at least 
in a qualitative way, about the relevant features that a full theory of quantum gravity 
should have (whatever it might be). In fact, these models have proved to be privileged 
frameworks to discuss some fundamental aspects of quantum theory. For instance, 

^ These models are usually referred to as midi- super space models (see [12] and references therein), 
in contrast with the so-called mini-superspace models, like Bianchi types, which have a finite number 
of degrees of freedom. 
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Table 1: Spatial topologies compatible with the abelian biparametric Lie group 
whith a smooth, effective and proper action on the spatial sections of a globally hy- 
perbolic spacetime {^^'^AA ^ M x gab)- The action of the group, unique up to 
automorphisms of G^^^ and diffeomorphisms of "-^^E, can be free or have degenerate 
orbits. 



one can analyze the need for quantum evolution to be unitary in order for physical 
predictions to be consistent with causality, and how this condition can be relaxed in 
some definite sense within the Heisenberg picture [13]. They also provide a natural 
framework to apply the so-called algebraic formulation of quantum theory, consisting in 
defining an appropriate *-algebra of quantum observables for each system, in order to 
facilitate the construction and analysis of the different Hilbert space representations for 
the models. 

When the Killing fields commute and are hypersurface orthogonal, the resulting 
models -said to be linearly polarized- become specially simple and solvable. These re- 
ductions differ from each other in the action of the isometry group and the corresponding 
compatible spatial topologies (see ra6/e[7]and [14]). The so-called linear Einstein- Rosen 
waves [15], which describe the propagation of linearly polarized wave-like modes in a 
spacetime with noncompact spatial slices, deserve particular attention. Here, the sym- 
metry group is M X U{1) and the spacetime is topologically M^. The quantization of this 
system coupled to massless scalar fields has been rigorously analyzed recently, and has 
provided several interesting features relevant for quantum gravity [16]. In this context, 
the introduction of matter is a way to produce quantum test particles with controllable 
wave functions in order to explore the quantized spacetime geometry. A suitable gauge 
fixing procedure yields a time-independent Hamiltonian which is a nontrivial bounded 
function of the free Hamiltonian corresponding to two uncoupled massless and axially 
symmetric scalar fields evolving in the same fixed (l+2)-dimensional Minkowskian space. 
It has its origin in the boundary terms of the Einstein-Hilbert action needed to have a 
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well-defined variational principle. This fact allows one to exactly quantize the model by 
using the standard techniques of QFT in curved backgrounds, even though the system 
is nonlinear and self-interacting. In particular, the quantum unitary evolution oper- 
ator can be obtained in closed form in a straightforward way and used for a number 
of purposes leading to physical applications such as the discussion of the existence of 
large quantum gravity effects [17] or the study of the microcausality of the system [16]. 
Specifically, the field commutator can be obtained from the two-point correlation func- 
tions, interpreted here as approximate probability amplitudes for a particle created at 
certain radial distance from the cylindrical symmetry axis at certain time to be detected 
somewhere else at a different instant of time. One then observes purely quantum grav- 
itational effects such as an enhancement of the probability of finding the field quanta 
very close to the symmetry axis. The probability amplitude is also high along lines 
that can be interpreted as approximate null geodesies of an emergent axially symmetric 
Minkowskian geometry, which provides a concrete example of how classical behavior can 
be recovered from a quantum gravity model [16]. 



We will focus on the so-called linearly polarized Gowdy models [18] coupled to mass- 
less scalar fields. From the physical point of view, their most salient feature is the 
fact that they describe cosmological models with initial, or initial and final, singular- 
ities. Here, the isometry group is U{1) x U{1) and the spatial manifold is restricted 
to have the topology of a 3-torus T^, a 3-handle §^ x a 3-sphere or that of 
the lens spaces L{p, q) -that can be studied by imposing discrete symmetries on the 
§^ case [19]. The exact quantization of the linearly polarized Gowdy model in the 
vacuum has been profusely analyzed in the past [20]. Its dynamics is governed by a 
quadratic nonautonomous Hamiltonian obtained through a deparameterization process. 
The gravitational local degrees of freedom can be interpreted as those corresponding 
to a massless scalar field in a fiducial background with initial singularity, so that the 
standard techniques of QFT in curved spacetimes can be applied in order to construct 
the quantum theory. The fact that the linear symplectic transformations describing the 
classical time evolution cannot be unitarily implemented in the physical Hilbert space 
when the system is written in terms of its original variables was initially interpreted as 
a serious obstacle for the feasibility of the model [21]. This problem should come as 
no surprise, however, since a generic feature of the quantization of infinite-dimensional 
linear symplectic dynamical systems is precisely the impossibility of defining the unitary 
quantum counterpart of all linear symplectic transformations on the phase space [22] q 




These transformations are characterized by ^-automorphisms defined on the correspond- 
ing abstract *-algebra of quantum observables. Note that the lack of a unitary operator 

^Consider, for example, the generic impossibility of making sense of the unitary quantum evolution 
operator when dealing with scalar fields propagating in the Minkowskian spacetime from initial to final 
Cauchy surfaces that are not level surfaces of some Minkowskian time [23] . 
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implementing the quantum time evolution of the system comes into conflict with the 
axiomatic structure of quantum theory itself. In case of not rejecting the model for this 
reason, one must carefully analyze the viability of a suitable probabilistic interpretation 
for it, as discussed in [24]. Nevertheless, it is possible to overcome this problem just 
by performing a suitable time-dependent redeflnition of the fleld [25]. Furthermore, by 
demanding the unitarity of the dynamics and the invariance under an extra U{1) sym- 
metry generated by a residual global constraint, the existence of a unique (up to unitary 
equivalence) Fock representation can be proved for the system [26]. 

The purpose of this thesis is twofold. First, we will generalize and extend the exist- 
ing literature devoted to the vacuum 3-torus model to the remaining more complicated 
topologies, the 3-handle and the 3-sphere, allowing also the coupling of gravity to matter, 
concretely, to massless scalar flelds. These topologies are less known than the 3-torus 
one but equally relevant in cosmology owing to the fact that they display both initial 
and flnal singularities. For this reason, they become specially useful test beds for is- 
sues related to canonical quantization in cyclic universes. Here, as in the case of linear 
Einstein- Rosen waves, the addition of matter is a useful way to probe the quantized ge- 
ometry, much in the same way as test particles are introduced in classical GR in order to 
analyze the spacetime geometry. Second, concerning the canonical quantization of the 
resulting gauge systems, we will conflrm and clarify several relevant results found in the 
literature devoted to the vacuum 3-torus case. This will be done by placing particular 
emphasis on mathematical issues such as the rigorous application of symplectic geom- 
etry to nonautonomous Hamiltonian systems or the algebraic formulation of quantum 
theory in terms of suitable *-algebras of observables. 

The text is structured as follows. Chapter [I] will be devoted to the Lagrangian 
and Hamiltonian formulations of the §^ x §^ and S'^ Gowdy models, whose treatment 
in previous literature has suffered from an obvious lack of rigorj^ This will be done by 
applying modern differential-geometric techniques to analytical mechanics. In contrast 
with the 3-torus case, the existence of degenerate orbits under the action of the isome- 
try group will force us to carefully consider the regularity conditions that the dynamical 
variables must verify. A Geroch symmetry reduction, and a subsequent conformal trans- 
formation, will allow us to interpret these models as (l+2)-dimensional gravity coupled 
to a set of massless scalar flelds with axial symmetry. Some details concerning this re- 
duction will vary depending on the topologies and will be commented separately for each 
case. Among several issues, we will explain how the topology of the spatial slices affects 
the deflnition of the constraints, and also how the coupling of massless scalar flelds is 
realized in the different topologies. A careful application of the Dirac-Bergmann the- 
ory of constrained systems [28 — 30] yields a reduced phase space description of these 
systems in terms of coisotropic (or flrst class constrained) manifolds. This is the case 

^The Hamiltonian analysis for these models in the vacuum has only been addressed in a partial way 
in [27], without providing the detailed phase space description necessary to understand several relevant 
geometrical issues. 
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when the Poisson algebra of the constraints is a proper Lie algebra. An appropriate par- 
tial gauge-fixing {deparameterization) process will allow us to characterize the dynamics 
through nonautonomous Hamiltonian systems, mathematically described as cosymplec- 
tic or contact manifolds. Within this Hamiltonian setting, we will understand in detail 
the mechanisms leading to the appearance of initial and final singularities. It is im- 
portant to highlight the fact that for these models, at variance with the 3-torus case, 
there are no extra constraints after the deparameterization process. This will obviously 
simplify the construction of a Hilbert space representation of the canonical commuta- 
tion relations within the quantization process. In particular, it will not be necessary to 
distinguish between kinematical and physical Hilbert spaces. 

In Chapter we will proceed to perform an exact Fock-type canonical quantiza- 
tion of the deparameterized models. Both gravitational and matter local degrees of 
freedom will be encoded in massless scalar fields evolving in the same fixed background 
metric conformally equivalent to the Einstein static (l+2)-dimensional universe, topo- 
logically (0,7r) x This fact will allow us to treat these fields in a unified way in 
the construction of the quantum theory by applying the usual techniques of QFT in 
curved spacetimes. The appropriate starting point is the covariant formulation of the 
reduced phase-space in terms of smooth real solutions to the Klein-Gordon equation of 
motion. This approach is completely equivalent to the usual canonical one, but proves 
specially useful in this context in order to discuss some quantization issues such as the 
existence of (in principle) many nonunitarily equivalent Fock space representations for 
the canonical commutation relations, each of them characterized by S'0(3)-invariant 
complex structures on the covariant phase space. These invariant complex structures 
will be parameterized by pairs {p£, v^) G (0, +00) x M, £ G Mq. A first result will be the 
impossibility to characterize the dynamics through a unitary evolution operator when 
the system is described in terms of its original variables. This feature will be proved to 
be insensitive to the election of the S'O (3)-invariant complex structure used to quantize 
the system. Then, we will be forced to introduce new dynamical variables in order to 
properly describe the system. Concretely, with the aim of overcoming the non-unitarity 
obstruction we will perform a re-scaling of the fields similar to the one employed in the 
3-torus case. This redefinition will be dictated precisely by the conformal factor that 
relates the Gowdy metrics to the Einstein metric. In this way, we will provide a suitable 
geometrical interpretation of the techniques previously employed in the literature de- 
voted to the 3-torus topology: The singular behavior introduced by the conformal factor 
will be translated into the behavior of a singular and time-dependent potential term for 
the re-scaled fields. This potential term will be sufficiently well-behaved as a function of 
time -in spite of being singular at some instants- to allow the unitary implementation 
of the dynamics. Moreover, we will be able to fully characterize all S'0(3)-invariant 
complex structures for which the time evolution is unitary in terms of the asymptotic 
behavior of the pairs (p^, z/^) for large values of £. In addition, we will prove that the 
many different S'O (3)-invariant Fock representations of this type are unitarily equiva- 
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lent. It is important to remark in this respect that, in absence of extra constraints as in 
the 3-torus model, we will use the SO (3) symmetry associated to the background metric 
in order to select a preferred class of complex structures such that the Fock quantization 
is unique (up to unitary equivalence). The simplicity of the arguments used to prove 
these results will convince the reader of the usefulness of the employed formalism. 

Finally, Chapter will be devoted to the functional Schrodinger representation of 
these models. Here, quantum states are characterized by square integrable functionals 
belonging to a L^-space constructed from an appropriate distributional extension of the 
classical configuration space -in this case, it is given by the space of tempered distri- 
butions on the 2-sphere endowed with a time-dependent Gaussian measure whose 
support will be analyzed in detail. By virtue of the interrelation between measure the- 
ory and representation of canonical commutation relations, the momentum operators 
will differ from the usual ones in terms of derivatives by the appearance of linear multi- 
plicative terms which depend on the configuration observables. We will check that, as a 
consequence of the unitary implementability of time evolution, the representations cor- 
responding to different values of the time parameter are unitarily equivalent and, hence, 
their associated measures are mutually absolutely continuous. We will end this chapter 
by developing a general procedure to obtain the evolution operator for the systems un- 
der study, written explicitly in closed form in terms of the basic field and momentum 
observables. This analysis will be (implicitly) based upon the theory of adiabatic invari- 
ants developed by Lewis in the context of the study of classical and quantum systems 
with time-dependent harmonic-oscillator-type Hamiltonians [31]. 

To conclude, we will probe the existence of suitable semiclassical states for the 
Gowdy cosmologies and discuss several possible applications of our study, as well as 
some open problems to be tackled in the future. 

The appendices, far for providing merely incidental details on these subjects, will 
give additional information on several results attained in the main body of the thesis, 
going deeply into the relevant mathematical aspects of the text. 

In Appendix A, the reader will find a generalization of the Geroch symmetry re- 
duction procedure with respect to a space-like hypersurface-orthogonal Killing vector 
field in presence of a (symmetric) massless scalar field minimally coupled to (1+3)- 
dimensional gravity. After a suitable conformal transformation, 4-dimensional Einstein- 
Klein-Gordon equations turn out to be equivalent to (l+2)-dimensional gravity coupled 
to two massless scalar fields, one of them proportional to the original scalar field, and 
the other being given by the logarithm of the norm of the Killing vector field. 

In Appendix B, we will summarize the main proposals and results of symplectic ge- 
ometry when applied to analytical mechanics, fixing the notation and conventions used 
throughout the thesis. We will pay special attention to the nonautonomous (i.e., time- 
dependent) Hamiltonian systems, in terms of which we describe the dynamics of the 
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Gowdy models after deparameterization. 

Appendix C presents the general framework of the mathematical description of (clas- 
sical and quantum) physical theories in terms of C*-algebras. The main point here is 
to introduce the concepts of observables and states, and how these can be realized re- 
spectively as self-adjoint bounded operators and vectors (or density matrices) in Hilbert 
spaces. The reader is strongly advised to revisit these topics, particularly the usual 
Dirac-von Neumann axiomatic structure of quantum mechanics, from this algebraic 
point of view. 

It is clear that, in the quest for a suitable quantization of systems of infinitely many 
time-dependent harmonic oscillators, like those describing the Gowdy cosmologies, the 
understanding of the special features of the single quantum oscillator is particularly ad- 
visable. In Appendix D, we reformulate the study of the unitary implementation of the 
dynamics for a single one-dimensional harmonic oscillator with nonconstant frequency, 
paying special attention to the search of semiclassical states and closed expressions for 
the evolution operators. 

Finally, Appendix E summarizes the theory of symmetric/antisymmetric Fock spaces, 
in particular, the definition of the creation and annihilation operators and their canon- 
ical commutation/anticommutation relations. 

Throughout the text, with the exception of the Appendix B, we will use the Penrose 
abstract index convention with tangent space indices belonging to the beginning of the 
Latin alphabet [32]. Lorentzian spacetime metrics will have signature ( — 1-++) and the 
conventions for the curvature tensors will be those of reference [33] . 
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Chapter 1 

Hamiltonian Formulation 



J. F. Barbero G., D. G. Vergel, and E. J. S. Villasenor 
Classical and Quantum Gravity 24, 5945 (2007) 

Consider a smooth, effective, and proper actior(^ of the biparametric Lie Group 

:= U{1) X f/(l) = {{g,,g2) = {e'^\e'^') \xi,X2 G M(mod27r)} 

on a compact, connected, and oriented 3-manifold ^■^^S. This manifold is then restricted 
to have the topology of a 3-torus T^, a 3-handle x S^, a 3-sphere S^, or that of the lens 
spaces L{p, q). Moreover, the action of the group is unique up to automorphisms of G^"^^ 
and diffeomorphisms of ^^^T, [2, 3]. Next, we construct a 4-manifold ^^^Ai, diffeomorphic 
to M X (^^S, such that {^^^Ai, ^^'^Qab) is a globally hyperbolic spacetime endowed with a 
Lorentzian metric ^^^gab- We further require G^"^^ to act by isometries on the spatial slices 
of ^^^Ai, obtaining in this way the so-called Gowdy models. We will focus on the linearly 
polarized cases, where the isometry group is generated by pairs of mutually orthogonal, 
commuting, spacelike, and globally defined hypersurface-orthogonal Killing vector fields 

Most of the work on these models, after the initial papers by Gowdy, has pro- 
fusely analyzed the 3-torus spatial topology; in fact, this is by far the preferred choice 
to discuss quantization issues. Here, we will focus our attention on the other possible 
closed (compact and without boundary) topologies, the 3-handle and the 3-sphere. The 
lens spaces L{p, q) can be studied by imposing discrete symmetries on the 3-sphere case 
and, in fact, the arguments presented for remain valid for them. Specifically, the 
nonexistence of additional qualitative phenomena in the lens spaces with respect to the 
§^ models has its origin in the fact that the covering S'^ — > L{p, q) is the projection map 
of the quotient of S'^ by a subgroup of the isometry group 

^Let G be a Lie group and A4 a manifold. The (left) action of G on A1 is a differentiable map 
a : G X M ^ M which satisfies (i) cr{e,p) = p for any p e M and (ii) (T{gi, a{g2,p)) = <j{gi ■ g2,p)- 
Here, e denotes the unit element of the group. The action is said to be (i) smooth, if the a mapping is 
G°°; (ii) proper, if the mapping G x M ^ M x M given by {g,p) {a{g,p),p) is proper, i.e., inverses 
of compact sets are compact; (iii) effective if the unit element e S G is the unique element that defines 
the trivial action on A4, i.e., <j{g,p) = p , Vp € g = e (see [1] for more details). 
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1.1 §^ xS^ Gowdy models coupled to massless scalars 

Let us start by considering the 3- handle ^"^^H = x S^, whose points can be param- 
eterized in the form (e*^, e**^ sin^^, cos with ^ G [0, tt], ^, cr G M(mod27r). We define 
the following (left) G*^^^-group action 

(^i,^2)-(e'^e^^ sine, cos = (e^\ e^2)-(e^^ e^'" sin^, cos e) = (e^(^i+^\ 6^^=^^+^) sin^, cos e) . 

The action of the two U{1) commuting subgroup factors of G^'^\ {gi,g2) = (e*^, 1) and 
{91-192) = X G ]R(mod27r), is respectively given by 

(e*M) • (e*^ e^" sine, cos e) = (e*(^+«\ e^" sin^, cos e) , 
(1, e^^) • (e*«, e'"" sin 6, cos 6) = (e'«, 6^^^+'") sin 6, cos 6) . 

The corresponding tangent vectors at each point of ^^^E, obtained by differentiating the 
previous expressions with respect to x at x = 0, are 

(ie^^O,0), {0,ie'^sm9,0). 

It is straightforward to verify that both fields commute. As we can see, the first one is 
never zero but the latter vanishes at ^ = and 9 — tt. This corresponds to the circles 
(e'«,0,l) and (e^«,0,-l). 

Consider now the 4-manifold ^'^^M. ~ R x §^ x S^; let i be a global coordinate 
on R. We want to introduce three smooth (almost everywhere nonvanishing) vector 
fields O"-, a", and C,"', tangent to the embedded submanifolds {t} x §^ x In order 
to do this, let us fix to ^ and define on {to} x S-"^ x the coordinate vector fields 
{d/dOy, [d/daY, and [d/d^y. We then extend these fields to the entire '^^^M space 
by Lie dragging them along a smooth vector field t" defined as the tangent vector to a 
smooth congruence of curves transverse to the shces {t} x x S^. In particular, we 
can simply take t" := {d/dtY. By definition, the a" field is defined to be zero in the 
two aforementioned submanifolds each diffeomorphic to M x S^; by removing them, we 
obtain a 4-manifold *^^^A^ for which the 4-tuplc (t", e", a", defines a parallelization. 
Once we have introduced these vector fields on ^'^^AA as background objects, we restrict 
ourselves to working with 4-metrics ^'^^Qab satisfying the following conditions: 

1. The action of the group G*^^-' on '^^^TVl given by {91,92) ■ {t,p) = {t, {91,92) ■ p), 
t G M, p G T^, with {gi,g2) ■ P defined above, is an action by isometrics, i.e., ^'^ 
and a"" are linearly independent Killing vector fields on ^^^Ai, so that £^^''gab = 0, 

d'^9ab = 0. 

2. t is a global time function, i.e., g"''^ (dt) ^ is a timclike vector field. From now on, 
we will consider the manifold ^^"^Ai to be endowed with a time orientation such 
that this vector field is past-directed. 
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^ = 7r/2 e = ir/2 



Figure 1.1: Cylindrical coordinates-patches on the 3-handle x S^, which has been 
sliced along the surface 6 — 7r/2. As a result, we obtain two sohd tori that have been 
further shced at ^ = and rendered as solid cyhnders. Each section of constant value 
of ^ consists of two discs, I and II (one in each cylinder), being identified at their edges 
to form a 2-sphere. 

3. {t} X X are spacelike hypersurfaces for all t G M. 

4. and o"" are hypersurface orthogonal. This defines the so called linearly polarized 
case. This condition means that the twists of the two fields vanish, which will 
ultimately allow us to simplify the field equations and describe the system as a 
simple theory of scalar fields. 

Two simple but important results that can be proved at this point as a consequence of 
the first are the following: 

i) If and a" are Killing vectors and [^, cr]" = 0, then Cai^'^^Qab — CaCft/'^?) — 0) where 
:= ^'^gab^e ■■= W > 0. 

ii) Furthermore, if wc define the vector X° orthogonal to as X"' := a"' — C°'{C''<^b)/^^, 
it satisfies = and also Cxi^^^Qab — iaib/^e) = 0. This means that, without loss 
of generality, we can work with everywhere orthogonal and commuting Killing vector 
fields ^" and u". In fact, we impose: 

5. (^",cr",^") are mutually ^^^gf-orthogonal vector fields. 
Let us consider now the Einstein-Klein-Gordon equations 

(^)i?,, = 87rG^(d0),(d0), , (^)^«'' (^)V„(^)V,</. = , (1.1) 

corresponding to (l+3)-dimensional gravity minimally coupled to a zero rest mass scalar 
field (p symmetric under the diffeomorphisms generated by the Killing fields (>C^0 = 
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C„(j) = 0, C^^'^^gab = ^a^'^^Qab = 0). Here ^'^^Rat and ^'^^Va denote the Ricci tensor and 
the Levi-Civita connection associated with ^^^gat, respectively. The exterior derivative 
of the scalar field is denoted by (d0)a and Gn is the Newton constant. In order 
to get a simplified, lower dimensional description, we will perform a Geroch symmetry 
reduction with respect to the nonvanishing Killing vector field on the 3-manifold 
(3)_A4 := ^^^Ai/U{l) ~ M X In the present situation, the hypersurface orthogonality 
of allows us to view as one of the embedded submanifolds everywhere orthogonal 
to the closed orbits of endowed with the induced metric 

^'^gab:='^'^gab-XfUb. 

In the linearly polarized case, the twists of the Killing fields vanish and the field equations 
can be written as those corresponding to a set of massless scalar fields coupled to (1+ 2)- 
gravity by performing the conformal transformation gat '■= X^^^^gab- The system (1.1) is 
then equivalent to (see the Theorem A. 2.1 in appendix\A\ioT more details) 



Rab = lj2^d(P,)a{d(P,)b, g'''VaVb(p^ = 0, C.gab = , = , (1.2) 

i 

where Rab and Va denote, respectively, the Ricci tensor and the Levi-Civita connection 
associated with gab -all of them being three dimensional objects on ^^^Ai-, and we 
have definecj^ 01 := logA^, 02 := -\/l67rG/v0. Recall that we still have the additional 
symmetry generated by the remaining Killing vector field a"", which vanishes at 6' = 0, vr. 
Let us consider the corresponding space of orbits ^'^^A4 := ^^'>Ai/U{l) ~ M x [0, vr]. The 
induced 2-metric of signature ( — h) on ^'^'^Ai can be written 

Sab = Qab - T^^O-aO-fo , 

where := gab'^'^'^^ > is the area density of the symmetry G^^^-group orbits, which 
vanishes at 6' = 0, vr. In the following, we will use the notation r = +v^. The global 
time function t induces a foliation over ^^^A^. Let rf" be the ^^-unit and future-directed 
{g"-^na{dt)b > 0) vector field normal to this foliation, and let be the (/-unit spacelike 
vector field tangent to the slices of constant t, such that 

for some extra field 7. If we choose the congruence of curves with tangent to 
then the congruence is transverse to the foliation, and we can express 

= e^/\Nn^ + N^r) , (1.3) 

where N > and A^^ are proportional to the usual lapse and shift functions. As we will 
see, the unusual factor e^^"^ will allow us to obtain a proper gauge algebra and simplify 



^It is completely straightforward to couple any number N of massless scalar fields; in practice this 
can be done by supposing that the index i runs from 1 to N + 1. The subindex i = I will always label 
the gravitational scalar that encodes the local gravitational degrees of freedom. 
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later calculations. We require A^, A^^, and 7 to be smooth real-valued fields on ^^^Ai. 
The expression of the metric in terms of the vector fields introduced above is 

9ab = -UaUb + OaOb + T^^aafTb , 





-1, 


gabn^'a^ 


= 0, 






gabu^e' 


= 0, 


gabO'^e' = 


+1, 


gabO'^a' 


= 0, 



where the indices are raised or lowered with the gab metric. Using equation (1.3) and 
taking into account the orthogonality conditions 



;i-4) 



the metric may be expressed as 

^7a6 = e^((iV''-iV')(dt)a(dt)fe + 2iV^(dt)(„(d^),) + (d^)4d^)5)+r2(da)„(da)fe. (1.5) 

The fact that the vectors {t"", 6°',a"') commute everywhere translates into necessary con- 
ditions that the vectors n"" and 9"' and the scalars A^, A^^, and 7 must satisfy. As a 
consequence of the invariance property Cagab = 0, the Lie derivative of relations (1.4) 
with respect to the Killing field a" yields 

gabiC^nrn' = , V = , (1.6) 

Car' = , gabiC^nre' + gabn'^iCjf = , (1.7) 

gabiCJre' = , gabiCJra' = . (1.8) 



Equations (1.6) and (1.8) imply that the unique nonvanishing terms of (Can)"- y {CaOY 
lie on the 9°" and rf" directions, respectively. They are related by 

{C,nY = a9\ {Cjy = an\ (1.9) 

where a is an extra scalar field. The commutation relations [t, a]"" = = [^^, a]"" lead to 

CxN + aN^ + ^NCxI = , CxN'^ + aN + ^N'^CxI = , 
a = , Cxi = , 

so that the fields A^, A^^ and 7 are constant along the orbits defined by the remaining 
Killing vector field cr", 

C^N = 0, C^N^ = 0, Cal = 0- (1-10) 

Note that the scalars (pi are also constant on the orbits of a", the matter scalar 02 
because we have imposed this from the start and the gravitational scalar 0i due to the 
fact that the two Killings ^" and a" commute: Co-X^ = 0. Therefore, we will end up 
with an essentially two dimensional model with fields depending only on coordinates t 
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and 6. In what follows, we will simply denote Ct with a dot; however, for the moment 
we will keep the notation for the Lie derivative along 6°", Cg, having in mind that we 
will later introduce a more convenient smooth derivative for smooth axially symmetric 
functions. From equation ( 1.9[ ), we get for a = 



{C^nY = 0, {Cjy = 0. (1.11) 
Finally, from the commutation relation [6,t\"' = we obtain 

hCg-f){Nn'' + N^r) - + Ne^/^[9,n]'' + {CeN)n'' + {CqN'^W'" = . 

This last equation can be projected in the directions defined by the vectors n°', d"-, and 
cr^'/r to give 

^N{Cei) + jCeN + Ne^/^n^n'Vaet = , (1.12) 

^N'Cei + CeN' - ^7 + Ne"'/^H'Vanb = , (1.13) 
e''a''Vanb = 0. (1.14) 

1.1.1 Lagrangian formulation 



The set of equations (1.2) can be derived from a (l+2)-dimensional Einstein-Hilbert 



action corresponding to gravity minimally coupled to massless scalars 

^'^S{g,bA^) = TTT?^ / (^^e|^7|V2(i?-l^^«''(d0,),(d0,)J 

+ ttV / ^'^e\h\'/'K. (1.15) 



Here, R denotes the Ricci scalar associated with gab- K and hab are, respectively, the 
trace of the second fundamental form Kab and the induced 2-metric on the hypersurfaces 
diffeomorphic to {t} x In terms of the vector field, Kab = ha'^V j^b- G3 denotes 
the Newton constant per unit length in the direction of the ^-symmetric orbits. We have 
restricted the integration region to a closed interval [to, ti] . The action is written with the 
help of a fiducial (i.e., non dynamical) volume form ^^^e compatible with the canonical 
volume form ^^^e defined by the 3-metric gab- This is given by ^^■'e = y^j^'-^-'e. The 
notation adopted here is such that in any basis where the nonvanishing components of 
•^■^^e have the values ±1, the scalar \g\^^'^ coincides with the square root of the determinant 
of the matrix of the metric g^j^^ in that basis. The volume form ^^^e induces a 2-form 
^'^^^ab = ^^^^abc'n'^ on each slice {t} x §^ which agrees with the volume associated with 
the 2-metric hab- We have also introduced a fixed volume 2-form ^^^e on {t} x §^ such 
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that (^^e = ^/\h\^'^^e. It satisfies s/lgl eabc'n'' = \/\h\^'^^^ab- We require that both 
•^^-•e and "^^^e be time-independent, i.e., Ct^^^e = = A*-^^e. We also demand them 
to be invariant under the action of the remaining Kilhng vector field. In particular, 
given the (l+2)-dimensional splitting of M x S^, it is natural to choose ^^-"e = dt A '-^•'e, 
with *^^)e being the fiducial 2- form associated with a round metric on such that 
(2)ea,,6'"cr^ = Ne'^T/\g\^/'^ = sinO, i.e., (^^e = sin ^6* A da. The last integral which 



appears in (1.15) is notation for the integral over the final {ti} x S^-hypersurface minus 
the integral over the initial {to} x S^-hypersurface. This boundary term is necessary in 
order to ensure that the variational principle is well defined [4]. We have the Codazzi 
relation 

R = (2)/? + KabK"^ -K^ + 2Va(n"ir - n^Vfen'^) 
where ^^^i? denotes the Ricci scalar associated with hab- Making use of Stokes' theorem. 



JintiU) JdU 



m 

with L( being a compact and oriented manifold and i]"- the exterior normal unit vector 
to its boundary (in our case, 7]°- = n°' on {ti} x §^ and 7]'^ = — on {to} x S^), and 
taking into account that naU^Vbri" = 0, we get 



(3) 



S{g. 



ab, <+>i 



V r^tl ^'^e\g\'/'(^'^R + KabK^'-K 
TtJ3 Jto Jn^ ^ 

-^-J2g-\d<PUd<P^ 



;i.i6) 



The matrix of the hab metric induced on {t} x §^ takes the expression 





hecr 




'el " 


hae 


had 




_ _ 



1.17) 



so that the unique nonvanishing Christoffel symbols are V^g = ^Cel, = ~^ '^T'CeT, 
and = r^^Cer. Hence, the Ricci scalar is given by 



;i.l8) 



where £g := Ce o C-e- Next, we proceed to calculate the components of the extrinsic 
curvature Kab = haVc^b- On one hand. 



e'^e'Rab 



H'h^Vcrib = e'^e" { OaO' + r- v.a^ ) WcUb = e'^e'VaUb 



^anb 



-2, 



lanbx 



5-7/2 

~2N 



(7 - 2CeN' - N'Cei) 
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where we have used the equations (1.11) and (1.13). Similarly, 



re 



-7/2 



(r - N'Cer) , 



where we have used the relations (1.3) and (1.11), as well as 



which follows from (1.11) and (1.14). Hence, we finally obtain 



2N 



with trace K = h Kab- From this expression, we easily get 



(7 - N'^Ce-i - 2CeN^) (r - N^Cgr) . (1.19) 



For the scalar fields (/>,•, we have 



(V,0i) Vb 



n^'n^ + + T-'^X^X" ) Va0iV 



b I ^—2 \ra T^fe 



'b(Pi 



iV2 



2N'^M^ + {{Xy - N') (£,0,)' ) • (1-20) 



Substituting (1.18), (1.19) and (1.20) in the action (1.16), we finally get 

(^)WiV^7,r,0.) = ^j\tlj^e\g\'/'e-^ll{iCel)Cer-2Clr) 



+ 



1 

2iV2 



(7 - 2CeN' - N'Cei) [r - Cer) 



(1.21) 
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1.1.2 Regularity of the metric 

From a classical point of view, the final outcome of the Hamiltonian analysis of the 
system that we will discuss in the following is a set of equations whose solutions allow 
us to reconstruct a four dimensional spacetime metric and a set of scalar fields satis- 
fying the coupled Einstein-Klein-Gordon equations. This means that, once we decide 
the functional space to which this metric belongs, the objects that appear during the 
dimensional reduction, gauge fixing and so on may be subject to some regularity condi- 
tions. In the 3-torus case these are simple smoothness requirements but in the present 
case, due to the existence of a symmetry axis, these are more complicated. The regular- 
ity conditions that the metric components for an axially symmetric metric must verify 
can be deduced as in [3,5]. Given an 4-dimensional axisymmctric spacetime with polar 
coordinates {t, z, r, (p) in a neighborhood of the axis, any regular symmetric tensor field 
Mab must take the form 



where A, B, . . . , K are functions of t, z and r^. By using the coordinates (t, 6', cr, ^), we 
can write the original 4-metric '^'^^gah for the Gowdy x models as 



(')^a6 = e(^-^^)((7V^2-7V2)(di)„(di)6 + 27V^(di)(„(d^),) + (d^)„(d^)6) (1.23) 



Identifying t^t, z^^,r^6 and ip ^ a, we easily obtain the following regularity 
conditions for the metric (here we impose analyticity; otherwise we need only to know 
the asymptotic behavior for small values of sin 9) 



A B rD r^F 
B C rE r^G 
rD rE H + r'^J r^K 



(1.22) 



r^F r^G r^K r^{H-r^J) 





B{t, cos 9) sin 9 , 






sin 9{D{t,cos9) - E{t,cos9) sin 





where A, B, G, D, E are analytic in their arguments. Here, C > and D{t,cos9) ± 
E{t,cos9)sm'^9 > 0, so that D > 0. Finally, < iV^ = iV^^ - e-^^'-'^^'^A{t,cos9), 
which implies {B^{t,cos9) - A{t, cos 9) E{t, cos 9)) siii^ 9 > A{t, cos 9) D{t, cos 9). The 
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conditions for the fields themselves (dropping the t dependence) become 

0i = 0,(cos^), (1.29) 

7 = 7(cos^), (1.30) 

AT^ = iV^(cos^)sin^, (1.31) 

A^ = iV(cos0), (1.32) 

r = f (cos^)sin^, (1.33) 

D{cos9) + E{cos9)sm^9 ^ ' 

where (^i, 7, N\ iV, f : [-1, 1] ^ M (iV > 0) can be written as functions of A, B, C, D, E. 
They must be differentiable functions in (—1, 1) with definite right and left derivatives 
at ±1. This is, they must be functions in (—1, 1) with bounded derivatives. Note 
that the singular dependence of all relevant fields has been factored out (sin 6' is not a 
smooth function on the sphere). The functions defined on as (pi o cos 6', 7 o cos 6, o 
cos 6,N o cos 6,T o cos 6, which are analytic on the sphere and invariant under rotations 
around its symmetry axis, will be considered as the basic fields to describe our system. 
In what follows, they will be simply referred to as 0j, 7, iV^, iV, T (without the ocos^ 
that will only be used if the possibility of confusion arises), and collectively as the /ice- 
fields. 

Note that condition ( |l.34 ) implies that the values of the fields T and 7 at the poles 



of the sphere are not independent of each other, but are related by the relations 

f (±1) = e^(^')/^ (1^35) 

As we will see, these polar constraints are necessary ingredients to ensure the consistency 
of the models as they guarantee the differentiability of the other constraints present in 
them. 



Now, we proceed to rewrite the action (1.21 ) as the integral of a smooth function on 



the sphere. This will contain essentially the /lat-fields, some suitable smooth derivative 
of them, and smooth functions of cos^. Indeed, given a smooth and axially symmetric 
function on its ^g-derivative cannot necessarily be extended as a smooth function on 
the sphere. For a concrete example, consider the function cos 6 itself, whose derivative 
is given by CqcosO = — sin 6'. We can, however, define a smooth derivative /' for any 
smooth axially symmetric function as the extension of 

/' := -^def (1.36) 
sm u 

to S^. This is formally done by considering / as a function of cos 6 and differentiating. In 
particular, /" = —{cos 9/ sm"^ 6)dgf + (1/ siv?0)dlf. In the following, the prime symbol 
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will always refer to this derivative. Taking this into account, we get the action 
' dt [ (2)e |iV[(7'f ' - 2f") sin^ 6 + (6f ' - ff ) cos 6 + 2f ] 



+ i [iV^f cos9-f- N^f' sin^ 9] [4 + (2iV^' + N^^') sin^ ^ - 2iV^ cos 9] 

+ 2iV^4 0: sin2 9 + {N'^ sin2 9 - N^)^f sin^ | . 

From now on, we will use units such that 167rG'3 = 1. In order to express the action 
in its canonical form we must obtain the corresponding canonically conjugate momenta 
through a Legendre transformation, 

U:=p^ = 0, Ue:=pj^o = 0, (1.37) 
= i (^N^f cos - f - N^f' sin^ 9^ , (1.38) 

= -i (^4 + (2iV^' + N^') sin^ 9 - 2N^ cos 9^ , (1.39) 
^ ^^^ + N'^(f)\ sin^ 9) . (1.40) 



We see that the Lagrangian function is singular, which prevents solving for all the 

generalized velocities in terms of momenta. This can certainly be done for 7, T and (pi, 

but not for N and N^. The Hamiltonian formalism of the model therefore requires the 
application of the Dirac-Bergmann algorithm for constrained syste ms]^ Introducing the 
Lagrange multipliers A and to enforce the primary constraints (1.37), we obtain the 
action 

cti 



^ ' dt l^^p^ ^ ^Op^^ ^ +fp^ + J2 i.P^^j - H[X, X', N, 

'(1.41) 

with the Hamiltonian function 

H[X, X\ N, iV^] := ^ f^^^l + X^Ue + NC + N^Ce) , (1.42) 

where 

C := -p^pf + {2f" - 7'f ') sin^ 9 + (7'r - 6f ') cos 9-2f 

+ ^E(f (1-43) 
Ce := (^2p'^-^'p^-f'pf-Y,^',p^}isin^9+{Tpf-2p^yos9. (1.44) 



^For more details on the treatment of constrained Hamiltonian system, the reader can consult the 
appendix^^ 
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The variation of the action with respect to the Lagrange multiphers A and provides 



the primary constraints (1.37). In order to guarantee the consistency of the dynamics of 
the system, these constraints must be preserved under the time evolution of the system 
(intuitively speaking, their Poisson brackets with the Hamiltonian must vanish). This 
leads us to impose the secondary constraints 

C = , Ce = 0. (1.45) 

It is easy to check that, by imposing again the consistency of the secondary constraints, 
one does not obtain additional (tertiary) constraints. Therefore, the dynamical variables 
are restricted to belong to a constraint surface in the canonical phase space of the 
system, coordinatized by {N,pj;^; ,pj^e;j,p^;T,pf; (j)i,p^_). This surface is globally 
defined by the constraints 11 = = He and C = = Cg. The Hamiltonian of the 
system is identically zero on it. Note, however, that the equations of motion of 

and are, respectively, N = X and = A^, with A and A^ being unspecified time- 
dependent functions. As a consequence, the dynamical trajectories of N and A^^ are 
completely arbitrary. Moreover, the Hamilton equations corresponding to the canonical 
pairs {^,pY,T,pf] (f)i,p^^) are not affected by the term (AH + X^Hg) appearing in the 

Hamiltonian ( 1.42[ ). Thus, with respect to the dynamical variables 'j,T,(f)i, the action 



(1.41) is completely equivalent to [6] 

e I 4^7 + Tpf + J2 ^^Pk I - 1 • (1-46) 




Here, the terms proportional to A and A^ have been dropped and A^ and A^^ are simply 
treated as Lagrange multipliers. The new Hamiltonian is given by 

The canonical phase space of the system, denoted by F, is now coordinatized by the con- 
jugated pairs (7,p^; T,pj,; 0j,p^^) and endowed with the standard (weakly) symplectic 
form 

:= j^^ (')e (^(57 A 5p^ + 5fA5pf + J2 ^ ^Pkj ■ (^-^S) 

Now we proceed to analyze the gauge transformations generated by the constraints. For 
this aim, we have to smear the constraints to obtain well defined functions on the phase 
space, 

qiV,]:= / (%iV,C, Ce[Nl]:= h'^eNlCe. (1.49) 



It is strai ghtfo rward to check that the polar constraints (1.35) guarantee the differentia- 
bility of (1.49) without further restrictions on Ng and Ng. Indeed, consider the exterior 
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derivative of C[N, 



9J' 



(2), 



with the sum extended over all canonical coordinates of F and S/6x denoting a func- 
tional derivative. Integrating by parts, we encounter the surface term —2Ng cos 66T + 
NgT cos which vanishes by virtue of (1.35). The differentiability of Cg[Ng] is 
trivially verified, since the corresponding surface term is proportional to sin 6 evaluated 
at 6' = 0, 71. We then have the gauge transformations^ 



{%C[Ng]} = 
{f,C[Ng]}- 

{Pf,C[Ng]} 



-NgPf , 

N9 

N'g{f cose -f' sin^i 
iV'(2cos^-7 siYi^h 



) + Ng{f + 3f' cose- f" sin^ 
+ Ngi'y' cos e — 7" si 



sm 



2Ng sin^ e 



+ - 



Pi 

2^2 



sm 



A'2 



{PL > c [iVg] } = iv; f 0: sin^ e + Ng [(f + r0'/) sin^ e - 2f 0', COS e] 



and 



{7, Ce[Nl]] = -2Nl' sin^ e + Ar;(2 cos^ - 7' sin^ e) , 
{f , C4iV^^]} = Nl{f cos e - f sin^ ^) , 
{0„C,[iV^^]} = -iV^^0:sin2^, 

{p^, [iV^^] } = Nl {2p^ cos e - p'^ sin^ e) - iVf sin^ e . 
{pf,Ce[N'g]} = Nl{pfCose-p'^sinH) - iVfp^sin^^, 
{p. , Ce [N'] } = iV,^ (2p . cos ^ - ^ sin^ 6 



sin^ e . 



Finally, we must check the stability of the polar constraints (1.35), (Te ^/^)(±1) = 1. 
To this end, we compute 



{Te-^/^ C[Ng\} = SnG^Nge-^/' (Tpf - 2py , 

■^The following identities become very useful in this context: Given a canonical pair (</?,Pt^) 
and a smooth axially symmetric function F on the sphere, we have Jga ^^''g = —F' and 
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The first expression vanishes at the poles as a consequence of the constraint (1.44) for 
6 = 0, TT {sin6 = and | cos^| = 1) whereas the second vanishes because of the sin^ ^ 
factor. We then conclude that there are no secondary constraints coming from the 
stabihty of the polar constraints. 



1.1.3 Deparameterization 

The dynamical variables are restricted to belong to a constraint surface Fc C F 
globally defined by the constraints C = 0, Ce = 0. A straightforward calculation shows 
that these constraints are first class in Dirac's terminology, or equivalently that Fc is a 
coisotropic submanifold of F. Indeed, the Poisson algebra of the constraints is a proper 
Lie algebra 

{C[N,], C[M,]} = Ce[M,N'^ - N,M'^] , 

{C[N,], Ce[M'g]} = CiiM'^N'g - NgMf) sin^ 6 + N^MI cos 6] , 
{Ce[Nll CeWlW = C,[(M^^iVf - iV^^Mf ) sin^ 6] . 

Note that, as a consequence of the introduction of the suitable exponential factor e 



7/2 



in (1.3) we have a closed gauge algebra [7,8], i.e., with structure constants. 

Motion along the directions defined by the weighted constraints corresponds then to 
gauge transformations, i.e., transformations that do not affect the physical state of the 
system. Due to this fact, we would like to isolate the true physical degrees of freedom 
of the model. As is well known, there are several possible ways to do this. The first one 
is to eliminate the variables representing the gauge degrees of freedom by introducing 
the so-called reduced phase space of the system, that is, the (quotient) space of orbits 
of the gauge diffeomorphisms. Each point on the reduced phase space is an equivalence 
class of points on the constraint surface Fc, where two points are regarded as equivalent 
if they differ by a symplectic transformation generated by the (weighted) constraints. 
The successful implementation of the reduction allows us not only to label gauge orbits 
but also provides us with important mathematical structures (topological, symplectic, 
etc) from the ones present in the initial phase space. The second way is to fix a gauge, 
by choosing a global cross-section of F intersecting the gauge orbits once and only once. 
Here, we will see that a partial gauge fixing procedure (deparameterization) provides 
another interesting way to deal with the system, allowing us to describe it as a nonau- 
tonomous -i.e., time-dependent- quadratic Hamiltonian system [9, 10, 11]. 

The Hamiltonian vector fields associated with the weighted constraints CfA'g] and 
Ce[Ng] are tangential to Fc and define the degenerate directions of the pull-back of uj 
to this submanifold. The deparameterization procedure is based on the choice of one 
of these Hamiltonian vector fields to define an evolution vector field associated 
with some reduced Hamiltonian Hji of a generically nonautonomous system. As shown 
in this section, we will be able to impose gauge fixing conditions in such a way that 
just one of the first class constraints, say C, is not fixed. This will be used to define 
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dynamics. Let t : ^ T denote the embedding of the gauge fixed surface given by 



the first class constraints (1.45) and the gauge fixing conditions; the pull-back of the 
symplectic form to this surface, has just one degenerate direction defined by a 
Hamiltonian vector field Eh^- Select then a suitable phase space variable T such that 
Ehh{T) = 1. The level surfaces of T are all diffeomorphic to a manifold and trans- 
verse to Ehu, defining a foliation of Tg with T as global time function. In this case, 
L*uj = — dT A dHji + ujr and Eup, = dx + ^Hr, where ur is a weakly nondegenerate 
form, and the triplet {TnjUii, Hr{T)) defines a nonautonomous Hamiltonian system, 
mathematically characterized by a cosymplectic manifold (see the appendix\^. 

We begin by choosing gauge fixing conditions similar to those employed in the 3-torus 
case [12], 

f' = 0, p'^ = 0. (1.50) 

They mean that both T and take the same value irrespective of 6, but we do not 
specify which one. Note that conditions of the type T = T, p^ = p, with T, p G M, 
not only would tell us that T and are independent of 9, but also assign a fixed value 
to them, thus removing additional degrees of freedom. With our choice, there is still a 
dynamical mode in T which may vary in the evolution but is constant on every spatial 
slice in the (l+3)-decomposition. It will be eventually identified with a certain function 
of the time parameter. A convenient way to discuss the gauge fixing procedure is to 



describe the family of gauge conditions (1.50) by introducing an orthonormal basis of 
weight functions on the subspace of axially symmetric functions on S^, 

2n + l^'^' 



>;.:=(^^^J ^nicosO), neNo, (1.51) 
where are the Legendre polynomials. By expanding now 

oo oo 
n=0 n=0 

with 



the previous gauge fixing conditions (1.50) become 



fn = = p^,,, WneN. 



(1.52) 
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In order to see if this is a good gauge fixation -and, alternatively, find out if some gauge 
freedom is left- we compute 



{f;,c[y^]}p 
{f„,c,[yj} 



'(2n + l)(2m + 1) f(^. ^ / 1 c- 

^ -p-yO / ^')e^„(cOS^)^^(cOS^) = ^p^o^nm 

J§2 V 47r 



(47r)3 



To J(2n + l)(2m + l) 
47r 



47r 
(m + l)fo 



/ (2)e cos^^„(cos^)^„(cos^) 



^47r(2m + l)(2m + 3) 

v/47r(2m+l)(2m- 1) 
otherwise 



if n = m + 1 
if n = m — 1 



'(2n + l)(2m + l) 



(47r)^ 



/ (2)e^„(cos^)(^„(cos^) + cos^^;„(cos^)) 



if m = or m < n 
n + 1 

it m = n 



^47r 
otherwise 



(2n + l)(2m + 1) 



(47r)3 

ifm = Oorm<n — 1 
otherwise 



/ (^)e^n(cos^)(^^(cos^) -sin2^^;,(cos^)) 



where n G N and m G Nq. The symbol denotes equality on the hypersurface defined 
by the gauge fixing conditions and the constraints, the so-called gauge-fixing surface 
Vq C Tc- The ic and * symbols denote terms (computable in closed form but with 
somewhat complicated expressions) that are not needed in the following discussion. It 
is convenient to display the previous results in a table form as below. 





Ti = p^,=0 


T2 = P72 = 




C[Yo] 
Ce[Yo] 












C[Y,] 
C,[Yi] 


* 




VIStt 




C[Y,] 
Cg[Y2] 


★ 


_P%_ 3T()_ 

* 
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One must also check if the polar constraints are gauge fixed by conditions (1.52). To 
this end, we compute 

{f„,fe-^/2}^0, 



The last Poisson bracket is different from zero at the poles [6 = 0, vr) for all values 
of n G N. Therefore, the only constraint that is not gauge- fixed by the conditions 
introduced above, as long as ^ and Tq 7^ 0, is C[l], 

(^^e ^-p^p^ + 7fcos^-2f + |^^ + f0f sin^^^ j ^0. (1.53) 

This is in contrast with the situation for the 3-torus case, where one is left with two 
constraints instead of just one. The final description of our system is then considerably 
simpler that in the case. This fact will obviously facilitate the canonical quantiza- 
tion of these models, as well. We now pullback every relevant geometric object to the 
submanifold defined by the gauge fixing conditions with the aim of eliminating some 
of the variables in our model. Denoting hj l : To —>■ T the immersion map, the pullback 
of the (weakly) symplectic form (1.48) becomes 

d7o A dp^, + dfo A dpf + V / ^'^e 6(f)i A 6p^^ . (1.54) 



L UJ 



The pullback of the constraint (1.53) is 



C := _p^^p^^+fo(4v/^(log-^-l) -7o) (1.55) 
+ A^f^pJ +^0fsin^0^ ^0. 

The gauge transformations generated by this constraint in the variables Tq and 

{To, C} = -p^o , {p^oX} = To , 

so if we parameterize the gauge orbits with s G (0, vr) we see that on them we have 
Tq = psins and = —pcoss, p 0. This suggests that a notable simplification of our 
models will occur if we introduce (a series of) canonical transformations substituting Tq 
and p-yg for new canonical variables. First, consider [12] 

To = P sin T , pf^ = ^ cos T — Q sin T , 

7o = — Q cosT — ^ sinT , p^Q = — PcosT, (1.56) 
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where {Q,P) and (T,pt) denote canonically conjugate pairs. It is straightforward to 



check that this is indeed a canonical transformation, i.e., (1.54) coincides with dQ A 



dP + dT A dpT + J2i /§2 ^^•'e A . It is possible to write the remaining constraint C 
in a more pleasant form by performing a further canonical transformation (here, again, 
{Q,P) and {(pi,p^.) are canonical pairs) 



P := logP, 



Pv. = (4vr) 



1/4 _ 



;i.57) 



giving 



C = pt + 4:^7: e^(lo. 



sinT 



P-l) smT+-J2 



P 



sinT 



+ sinTsin^e ) ^ 0. 

1.58) 



The 2-form (1.54) then becomes 



i 00 



dQ A 



dP+Y.1 



(2) 



e 6ipi A 6p^^ + dT A dpT 



1.59) 



Expressions (1.58) and (1.59), in particular, the linearity of the first one in the momen- 



tum pt, allow us to interpret the 4-tuple ((0, tt) x F^j, dt, lur, Hji) as a nonautonomous 
Hamiltonian system with T = t as the time parameter [13]. The resulting phase space Fr 
is coordinatized by the canonical pairs {Q, P; fi,p<pi) and is endowed with the (weakly) 
symplectic form 

:= dg A dP + y / ^ gp^^ _ (l_gO) 



Here, the canonical pair [Q, P) describes a global degree of freedom. The dynamics is 
given by the time-dependent Hamiltonian Hji{t) : Tr —i-'E. 



Hn{t)=AV^e^{ log ^ + P-l) sint + i 



(2), 



p: 



sint 



^ + ip\^smtsm^e . (1.61) 



Note that from the point of view of the phase-space description of the dynamics de- 
veloped here, we are able to understand in very simple terms the appearance of both 
initial and final singularities in the spacetime metrics of these models. The singularities 
that must be present as a consequence of the Hawking-Penrose theorems [14] can be 
understood as coming from the behavior of the Hamiltonian, which is singular whenever 
sint = 0. This means that if we pick the initial time to ^ i^^^) order to write the 
Cauchy data we meet a past singularity at t = and a future singularity at t = vr. The 
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evolution vector field corresponding to (1.61) is 

d 



E 



Hr 



^ ,- p.. sint n\ . , <9 
- + 4 v/^e^(log -j=^P) sm t-^ 



+E 



(2). 



^-^ + (sin2^^:)'sint-^ 



;i.62) 



It is possible to recover the original 4- dimensional spacetime from this 3-dimensional 



formulation. The fact that the gauge fixing conditions (1.52) defining the deparameter 



ization must be preserved under the dynamics generated by the Hamiltonian H[N, N ] 
(i.e., {fn,H[N,N^]} ^ and {p^^, H[N, N^]} ^ 0, for all n e N) forces N to be 9- 
independent and to be zero. A suitable redefinition of the time parameter allows us 
to express the metric gab found after the deparameterization as 



gab = e''(-idt)aidt)t + {d9)aid9\ 



p2 

47r 



sin^ t sin^ 9(da)a{da) 



;i.63) 



defined on (0, vr) x S"^, with singular behavior at t = 0, tt. Once we integrate the Hamil- 



tonian equations corresponding to (1.61), undo the canonical transformation defined 



above, and solve the constraints in order to obtain the 7 function, we uniquely deter- 



mine the 3-metric (1.63) and, thereby, the original 4-metric. 



Finally, we point out the possibility of reinterpreting the dynamics of these mod- 
els as simple massless scalar field theories in conformally stationary backgrounds. This 
will allow us to use well-known techniques of quantum field theory in curved backgrounds 
i n or der to quantize the systems. Let us start by giving a simple way to solve equations 
(1.2). Given a specific solution {gab, (pi), whenever condition C„(pi = is satisfied the 
following equivalence 











holds. On can solve the last equation in some convenient background gab and then 
use equation Rab = \ X]i(d0i)a(d0i)fe just to give integrabihty conditions allowing us to 
recove r gab- In the 3-handle case, the metric found after deparameterization is given by 
(1.63); a possible (non unique) choice for {gab,4>i) is in this case 



gab = sin^ t ( - {dt)a{dt)a + {d9)a{d9)b + sin^ 9{da)a{da)b 
01 = logsin(t/2) - logcos(t/2) , 0^ = 0, i^l. 

It is important to notice that even though the metric cjab is not stationary, it is conformal 
to the Einstein static metric on (0,7r) x ^\iq scalar field dynamics generated by the 



nonautonomous Hamiltonian (1.61 ) corresponds exactly to the one defined by the Klein- 



Gordon equations on the background given by gab- 
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1.2 §^ Gowdy models coupled to massless scalars 

Let us now consider the case where the spatial shces have the topology of a 3-sphere 
described as §^ = {(2:1, 2:2) G : l^ip + |2;2p = 1}. A useful parametrization of 
in terms of the so-called Hopf coordinates, is Zi = e^"sm{9/2), = e*^ cos(6'/2), with 
6 e [0, vr], ^, a G ]R(mod27r). We define the following action of G^^^ on §^ 

{gug2)-{zi,Z2) = ie'''\e'^')-iz,,Z2) = (e^^^Zi, e^^^Za) 

= (e*(-i+-) sin(^/2), e*("2+«) cos(^/2)) . 

The action of the two U{1) subgroup factors is 

(e^^ 1) ■ (zi, Z2) = (e^^^i, Z2) , (1, " (^1, ^2) = (^1, e'^z^) . 

The corresponding tangent vectors at each point of obtained by differentiating the 
previous expressions with respect to x at a; = 0, are now 

{izi,0), (0,22:2). 

These are commuting vector fields. As we can see, they vanish respectively at Zi = and 
2:2 = 0, i.e., at the circles (0, e*^) and (e*"", 0). We proceed now to construct a spacetime 
~ M X ^^^gab) in the same way as in the 3-handle models. Here, however, we 
face the fact that the Killing vectors fields = {d/d^Y and cr" = {8/ da)"- vanish alter- 
natively in two different circles when trying to perform a Geroch reduction. Consider in 
particular, the Killing field which vanishes at (the one-dimensional submanifold of S^) 
6 = IT and is nonzero at ^ = 0. Let (^)A^ be the space ^^^Ai with the submanifold where 
^'^ vanishes (diffeomorphic to M x removed. This substraction does not affect the 
(l+3)-dimensional Einstein-Hilbert action for gravity coupled to matter, since we have 
removed a zero-measure set. Of course, one must take into account the fact that the 
fields in the new integration region cannot be completely arbitrary but should be subject 
to some restrictions (regularity conditions) reflecting the fact that they should extend to 
the full ^^^Ai in a smooth way. By performing a Geroch reduction on ^^^A4/U{1) with 



respect to we obtain an action of the form (1.15) where the 2-dimensional spatial 
sections are now diffeomorphic to the open disc D{0; vr). 

As in the 3-handle case, we are going to use {t°', a") as coordinate vector fields. We 
will write now 6*" = fO" and = {Nn" + N^e'')f. Here, the scalars / > 0, > 0, and 
A^^ are supposed to be smooth fields on M x D(0; vr) subject to some regularity conditions 
that we must specify. Note that we write / instead of e'^/2 foreseing the vanishing of 
this function at the disc boundary. Again, (A^, A^^, 7, 0j) are constant on the orbits of 
the remaining Killing field a" and, hence, they only depend on the coordinates (t,^). 
The commutation relations verified by {1°", 9"', a") yield 

NCef + fCeN + Nfn^'n'vA = , (1.64) 
N'Cef + fCeN' - Ctf + Nfre'VaUt = , (1.65) 
ta^Vafib = . (1.66) 



Chapter 1. Hamiltonian Formulation 



36 



9 = 



9 = k/2 




= 2?! 




Figure 1.2: Cylindrical coordinates-patches on the 3-sphere S^, which has been sliced 
along the surface 6 = 7r/2. One of the resulting solid toroids (number I) has been further 
sliced at ,^ = and rendered as a solid cylinder. The half of toroid II has been cut away 
to display the behavior of the coordinates. The complete figure is showed in the lower 
left. For any fixed value of G (0,7?), the coordinates (o", ^) parameterize a 2-torus. 
In the degenerate cases corresponding to 6' = and 6 = n these coordinates describe 
circles. 



Using the coordinates system {t,9,a,^) we can write the original 4- metric ^^^gab as 

^'^9ab = ^{{N''~N'){dt)a{dt), + 2N\dt)(^Me\) + id9)a{d9),) (1.67) 

+ l!(da),(d(T), + A5(dOa(d06. 

Next, we impose the regularity conditions to be satisfied by this metric. At 6 = 0, 
where a'* vanishes, the regularity conditions should be of the same type as the ones 



that we have already used in the x case. It suffices to use the expression (1.22) 
and identify t ^ t, z ^ C,, r ^ 2sin(^/2), and (f ^ a. Here, however, we also have 
to impose regularity conditions when we approach the boundary of the the filled torus 
that we obtained by removing the circle where the Killing vanishes. In this case, we 
must simply identify t t, z a, r ^ 2cos(6'/2), and ip ^ ^. Note that we use the 
functions sin(^/2) and cos(^/2) because they alternatively vanish on the circles where 
the Killings themselves become zero; in addition, they have the dependence of a regular 
scalar function in terms of the radial coordinates or tt — on the circles where the 
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Q2 



A{t, cos I 



Killing fields do not vanish. According to this, we find 

P 
h 

h 
h 

h 

= F {t, cos 9) + G{t, cos 9) cos^{9/2) , 

T 
\ 



= B{t, cos 9) sin 9, 
= 4 cos2(^/2) {F{t, cos 9) - G{t, cos 9) cos'^{9/2)) 
= D{t, cos 9) + E{t, cos 9) sm^{9/2) 



4 sin2(^/2) cos 9) - E{t, cos 9) sm^{9/2)) 



;i.68) 

;i.69) 
1.70) 

;i.7i) 

;i.72) 



where A, B, D, E, F, and G are analytic in their arguments. The cosine dependence of 
these functions is dictated by regularity at certain submanifolds diffeomorphic to M x S^. 
This will prove to be very important because we will be able to describe the system in 
terms of these fields, and having cos 6' as their argument they can be interpreted as 
functions on as in the 3-handle case. Note that they are not independent because 
they are constrained to satisfy (1.71). In addition, D{t,cos9) ± cos 6^) sin^ 6* > 
and F{t, cos 9) ± G{t, cos 9) sin^ 6* > 0, so that D > and F > 0; finally, B'^{t, cos 9) - 
A{t,cos9){D{t,cos9) + E{t, cos 9) sin^6') > 0. The conditions that the fields themselves 
must satisfy (dropping the t-dependence) are 

A^ = e'^i =e^^(™^')cos2(e/2). 



3201-7 



where we have used sin^ = 
that 0i,7,iV^iV,f : [-1,1] 



(1.73) 
(1.74) 
(1.75) 
(1.76) 
(1.77) 
(1.78) 

(1.79) 

^F{cos9) + G'(cos^) cos2(^/2) ' ^^'^^^ 
2 sin(6'/2) cos(6'/2). Here, as in the §^ x case, we have 



02 = 02 (cos 6') , 
/ = cos(^/2)e^(^°^')/^ 
= N%cos9) sin 9, 
N = N{cos9) , 
T = T{cos9) sin 9 , 



D{cos9) - E{cos9) sin2(^/2) 



D{cos9 
F(cosi 



+ E{cos9 
) — G(cos 



sin2(^/2) ' 
cos2(^/2) 



M {N> 0). They must be in (-1, 1) with bounded 
derivative. Conditions (1.79) and (1.80) imply the polar constraints for the models 

f (+l)e-^(+i)/2 = 1 and e^^^^-^^-^^-^) = 4 . 

Note that in this case the resulting conditions involve different pairs of objets at each 
pole ^ = or 6' = TT. Our starting point is now the action (we take again units such 
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that levrGg = 1) 



dt 



{to,ti) 



(2). 



D{0;tt) 



2N 
f sin 9 



{{Cef)CeT - fClr) 



(a) 



Nf sin 9 



2Nsin9 



+ 



r 



2iVA| sine 



id) 



where the Lagrangian can be easily deduced from (1.21) by substituting 



log A. 



and 7 — >■ 2 log /. Here, as in the case of the 3-handle, we choose the fiducial volume 
element '■^^e to be compatible with the auxiliary round metric on the 2-sphere i.e., 
(2)e = sin^de A da, with ^^'>eab9''a^ = NpT/\g\^/^ = sin9. In terms of the fields 
{N , , , T , (pi) , and using again the prime derivative defined in (1.36), we have 

tan(e/2)\ 



N 



(c) 
(d) 



i\7 



N 
f 

2N 
f 



tan9 

T - N^f cos 9 + N^r sin^ 9 



sin^ I 



jT + r + (5T' - 7'T) cos 9 + (7'T' - 2T" 

4 + (2iV^' + iV^7 ) sin^ ^ + (1 - 3 cos 9)N'^ 



J2 [k + '2N'iS[s^^'0+{{Nysin^9-N^)4>?sin^9 
+ 2iV^0i0; sin^ 9 + ((iV^)2 sin^ 9 - N^)ij)'l sin^ 9 



2ivL 

+2(1 - cos 9){N'ij)i + ((iV^)2 sin^ e - N^)^\) + (1 - cos 9fN'^ - tan'{9/2)N^ 

We can change the spatial integration region in the action from D(0;7r) to because 
the Lagrangian can be written as a smooth function on the 2-sphere in terms of the hat- 
fields, that are smoothly extendable to S^. We arrive at this result after several nontrivial 
cancellations of terms that would diverge at the poles. Note, in particular, that the fist 
term in (a) and the last term in (d) involving tan(e/2) yield (2 — tan(e/2)/ tan^^ — 
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(l/2)taii2(^/2))f = (3/2)f when they are added. In this way, 

^^^S{N, N^, 7, f, 4>i) = fdt [ (2)e f iV[(7'f" - 2f") sin' 9 + (57" - ff) cos e + f'+ ^f] 

Jto V 2 



+ ^[7V^f'cos 9-f- N'^f sin' 9] [4 + (27V^' + TV^f) sin' ^ + (1 - 3 cos ^)7V^ 
2Ar ^ 



+ 2N'(t)i 0; sin' ^ + (TV" sin' ^ - TV')^;' sin' ^ 



T 



2 7Cr(?2i 



+ ^[2(1 - cose)(ArVi + (A^ sin'^ - A^')^;) + (1 - cosefN' 



(1.81) 



The Hamiltonian of the system can be readily obtained by performing the Legendre 
transformation 



40 

Pf^-h(^^+ (2iV^' + iV%') sin' ^ + (1 - 3cos^)iV^) , 



p- = I^Ar^^T cosd-f- N^f' sin' ^) , 



T 
TV 



((^1 + 7V^0; + (1 - cos e)N') , P4, = ^ {ii + nU[) , ^ 7^ 1 • 



It is important to highlight that gravitational and matter modes (encoded by 0i and 
4>i, i 7^ 1, respectively) cease to play a symmetric role in this particular description, at 
variance with the 3-handle case. This issue will be further discussed at the end of the 
section. The Hamiltonian is given by 



H = (')e(iVC + 7V^C,), 



with 



C := (2f'''-7'f')sin'^ + (7'f'-5f'')cos^- -T-f' 



+^ E ( ^ + ^'^f ^ ) + (1 - cos Q)T^, , 



Cq = (^2p^ - 7'p7 - f'pf - ^ 4>iP~^}j sin' Q + {^pf - + p^-J cos - - p^^ . 



The two previous expressions, together with the conditions at the poles T(+l)e = 
1 and e''^^*^^^^^^*^^-'^^ = 4, define the constraints of the system. As before, the polar 
constraints are necessary conditions to guarantee the differentiability of the (weighted) 
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constraints C[iVg] and Cg[Ng]. Concretely, it is straightforward to check that the surface 
term which appears when calculating the exterior derivative SC[Ng], namely, — (1 + 
cos 9)Ng6T+NgT cos 6*57+ (1— cos 9)NgT6(l)i\'^_^, vanishes by virtue of these constraints. 
The gauge transformations generated by C[Ng] and CelN^] are 

{^,C[Ng]} = -NgP^, 
{f,C[Ng]} = -NgP^, 

{kc[m = Ng^f, 

{p^, C[Ng] } = N'g{f COS e-f' sin^ 6) + Ng{3f' cosO + f- f" sin^ 6), 

{Pf, C[Ng]} = Ng[^- 4>[ + (7' + 4>[) cos 6 - 7" sin^ 9] + N'g{3 cos - 1 - 7' sin^ 9) 

2 



-2iV;'sin^0+^5^(^-sin2^0f) 



K ' ^[^9]} = [NsT{<P', sin' + 1 - cos 9)]' , 
{p^,,C[Ng]} = iNgn2sm'9y, 

and 

{7, Ce[N^g]} = -2Nl' sin^ 9 + iV^^(3 cos 9-^' sin^ 9-1), 
{f,Ce[Nl]} = N'g{fcos9 - f sin' 9) , 
{01, Ce[N'g]} = iV^'(cos 9-1-k sin' 9) , 
{k,Ce[N'^]} = -N'gksin'9, 
{p^,Co[N'^]} = -{N'^p^ sin' 9)', 

{pf, Ce [N'g] } = Nl {pf cos 9 - p'^ sin' 9) - N'^pf sin' 9 , 

{P$^,Ce[N',]} = -iN'gP^^^in'9y. 

The Poisson brackets of these constraints give exactly the same result that we obtained 
for the §^ X S' topology and, hence, define a fist class constrained surface C F. Here, 
(F,ti;) denotes the canonical phase space of the system, coordinatized by the canonical 
pairs {^,py;T,pf;(f)i,p^_), endowed with the standard (weakly) symplectic form (1.48). 
We must check now the stability of the polar constraints. We do this by computing 

{fe-^/',C[Ng]} = ^-Nge~-^/'{fp^ - 2p^) , (1.82) 
{f Ce{Nl]} = e-'<l' QiV^'T(l - cos 9) + (iVf f - iV^^f ' + ^iV^^Tf) sin^ ,(1.83) 

{e'^--\ C\Ng\} = -^e"^^-H2p;f,^ + Tp^) , (1.84) 
{e'^'-\ Ce[N'g]} = e'^'-^(^- N'^il + cos9) + (2iVf - 2iV^^0'2 + iV^V) sin^ o) ■ (1.85) 
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The constraint Cg = at the poles 9 = 0,tt gives T{+I)pf{+1) — 2p^(+l) = 0, and 
T(— l)p^(— 1) + 2j9^^(— 1) = 0, respectively. These relations guarantee that the Poisson 



and (1.84) vanishes at 9 = n. The vanishing of (1.83) at 
cos 6* and sin^ 6* and, finally, (1.85) is zero 



bracket (1.82) vanishes at 9 
^ = is due to the presence of the factors 1 
at 6' = vr due to the factors l + cos6' and sin^ 9. As in the 3-handle case, we conclude that 
there are no secondary constraints coming from the stability of these polar constraints. 



1.2.1 Deparameterization 

The deparameterization process in this case follows closely the one developed for the 



§ X § topology. Particularly, the same gauge fixing conditions (1.50) work in this case 



too. It suffices to check if the polar constraints are gauge fixed. This only requires the 
computation of the Poisson bracket 



{P- 



^,201-7 



■ynj ' 



} 



.201-7 



2n + 1 



An 



cos I 



which is different from zero at the poles. As we see, the situation now is completely 
analogous to the 3-handle case. The only constraint that is not gauge-fixed by the 
deparameterization conditions is C[l]. The pull-back of the symplectic form to the 



phase space hypersurface defined by the gauge fixing conditions is given again by (1.54). 
We are left only with the constraint 



C := -p^oPfo +^0 v47rlog 



-7o 



7r(21og2 + 3) + 



;i.86) 



(2). 



Anpj 



To 



Tr 



1'2 



The gauge transformations generated by this constraint on the variables Tq and p^Q are 
the same as for the three-handle and, hence, we can use the canonical transformations 



(1.56) and (1.57) introduced at the end of the previous section to rewrite (1.86) as 



Pt + (47r)^/V/VioSmT + 2v^e^( log^^ + P-log2--)sinT (1.87) 



sinT 



Again, it is possible to interpret the dynamics as being described by a nonautonomous 
Hamiltonian system ((0, tt) x F^, dt, ur, Hji), where F^^ denotes the reduced phase space 
coordinatized by the canonical pairs {Q, P; ipi,p^J, endowed with the standard (weakly) 
symplectic form (1.60). The dynamics is given by the time-dependent Hamiltonian 
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HR{t) : Tfl ^ R 

Hn{t) = (47r)VV/VioSmt + 2V^e^flog^ + P-log2-^)sint 

V y47r 2/ 

+ -y [ (2)ef^ + (^fsinisin^^V 



Both initial and final singularities show up in the same way as for the x topology. 
The corresponding evolution vector field is given by 



d 



(47r)^/^e^/Vio sint + 2^/¥e^sint flog ^ + P - log2 - 

V V 47r 2 J 

- (Any/'e^/'smt^ + y [ (^)e ( + {sin' Oip',)' sint^] 



d_ 



It is interesting at this point to compare the dynamics of this model and the 3-handle 
one. First of all, we see that the global mode has a different behavior now, in partic- 
ular it couples to <^1q through the term e^^'ifi^ sint. As we see, the gravitational and 
matter modes apparently cease to play a symmetric role in this particular description, 
at variance with the other topologies. However, we will see next that it is possible to 
restore the symmetry between the gravitational and matter scalars. 

We proceed as at the end of the section devoted to the x topology by intro- 
ducing a convenient auxiliary set {gab, i'i) in terms of which wc can solve the original 
Einstein-Klein-Gordon equations. After the deparameterization procedure, and impos- 
ing the consistency of the gauge fixing conditions under the dynamics generated by the 
Hamiltonian H[N ,N^], the 3-metric Qab of the 3-sphere model can be written 

Qab = cos2(^/2)e^ - {dt)a{<lt)b + {dd)a{de)^ + ^ sin^ t sin^ e{da)a{<la)b , 
defined on (0,7r) x L)(0;7r). In this possible choice of {gab-, 4>i) is 



gab = cos\e/2)e^[ -{&t)a{dt)b + {de)a{de)b]+shi'tsui'e{da)a{d<T)b, 

COS 6 COS 1 1 
0, ZT^O, 



)l = COS e COS t log(tan(t/2)) + cos ^ + log(cos^(^/2)) + log(2 sin t) , 



where 

sin^^ 



7 := ^^^(^sin2nog^(tani/2) - 2 cosnog(tant/2) - + log (sin^i) 
— cosUog(tan(t/2)) -|- cos^cosUog(tan(t/2)) -|-cos^ — 1. 
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In fact, the concrete functional form of 7 is irrelevant here since whenever >Co-0j = we 
have the following equivalence in (0, vr) x — {6 = tt}): 



with 

gab = smH( - (dt)„(dt)fe + (d^)a(d^)fe + sin^ ^(da),(dor) 



Here, the metric Qat coincides with that one found for the 3-handle case, conformal to the 
Einstein static metric on (0, vr) x S^, but restricted now to the manifold (0, vr) x D{0; vr) 
obtained by removing the pole 6 = it from the 2-sphere. Note that the 0i field cannot 



be extended to the boundary of the disc, parameterized as 6* = vr, because (1.73) forces 
it to behave as log(cos^(^/2)) when 9 ^ n. However, if we split 0i as 0i = 0^™^ + 0^^^, 
with 0^™^ := log(cos^(6'/2)) +log(2sint) satisfying 

r'v. v,0r = , 

we guarantee that the gravitational degrees of freedom encoded by cj^i^ still satisfy 
g^-^V b(pT^ = (just the same equation as the matter fields (pi, « 7^ 1) and can be 
extended to (0, tt) x Both regularized gravitational and matter fields, respectively 
(j/^^ and (pi, i ^ 1, are then well behaved on (0, vr) x and play a symmetric role just as 
in the description of the 3-handle topology. Within the Lagrangian formulation of the 
3-sphere model, this can be attained by introducing an extra T field on the right-hand 



side of the regularity condition (1.73). 
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Chapter 2 

Fock Space Quantization 
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In this chapter, we will proceed to exactly quantize the classical theory developed in 
Chapter 1 by promoting the canonical variables (Q, -P; ifi,p^-) characterizing the global 

and local degrees of freedom to quantum operators {Q, P; 0i,p^p.). Our starting point 
is given by the interpretation of the compact §^ x §^ and §^ Gowdy models coupled 
to matter as scalar field theories in curved backgrounds conformally equivalent to the 
(1 + 2)-dimensional Einstein metric on {0,tt) x Here, the corresponding conformal 
factor will be a simple function of t, specifically, sint. This description will be used to 
gain useful insights into the problem of the unitary implementability of the quantum 
time evolution for these models. 

Let = Jifo ® J^c = ® be the Hilbert space of the system. The absence 

of extra constraints for the topologies under consideration was proved in the previous 
chapter. From here follows the unnecessary distinction between kinematical and physical 
Hilbert spaces]^ This is in contrast with the 3-torus case, where an extra f/(l) symmetry 
generated by a residual global constraint still remains after deparameterization. The 
global modes {Q, P) can be quantized in a straightforward way in terms of standard 
position and momentum operators with dense domains in J^q = L^(M, dg), such thalj^ 

Qip = qijj, Pip = —idqip, for = tp{q) G L^(M). The Hilbert spaces for gravitational 
and matter modes, on the other hand, adopt the structure of symmetric Fock spaces 
built from appropriate one-particle Hilbert spaces. As they are all isomorphic, and all 
massless scalar fields ipi satisfy the same Euler-Lagrange equation, the same construction 
is valid for all of them. For this reason, we will omit the i-index in the following. The 
local degrees of freedom [ip^p^) are then promoted to operator- valued distributions on 

^Nevertheless, in spite of the apparent simplicity of the phase space description after deparameter- 
ization given the absolute decoupling of gravitational and matter degrees of freedom, the full (1 + 3)- 
dimensional metric that solves the original Einstein-Klein-Gordon equations depends on both types of 
modes in a nontrivial way. 

^In what follows, we will use units such that h~l. 
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§^ for each value of the time parameter t. They act as the identity over Jif^. Similarly, 
the Q and P operators act as the identity over ^ . 

2.1 Canonical and covariant phase spaces 

The dynamics of the local degrees of freedom of both §^ x and §^ Gowdy models 
can be described after deparameterization by the same Euler-Lagrange equation in a 
fixed background metric conformal to the (H-2)-dimensional Einstein static metric on 
(0,7r) X E>\ 

gab = sin2t(-(dt)a(dt)b + 7afe), (2.1) 

where jab denotes the round unit metric on the 2-sphere S^; in spherical coordinates 
{6, a) e (0,7r) X (0,27r) on §^ = (d^)a(d^)b + sin^ ^(da)a(da);,. In addition, we 
must impose the invariance under the diffeomorphisms generated by the Killing vector 
field 0"" = {d/daY- The equation of motion can be derived, by imposing the additional 
symmetry condition C^jip = on the solutions, from the action 

S{^) = A ! \g\"'r\^v)a{dv\ (2.2) 



2 



[to,ti]x§- 



\ ! dt [ |7|^/2sint f^^ + (^A§2(^ 

2 J to V 



where A§2 denotes the Laplace-Beltrami operator on the round 2-sphere The space 
of smooth and symmetric real solutions to the corresponding massless Klein-Gordon 
equation of motion has the structure of an infinite-dimensional M-vector space 

S ■= {ipe C°°((0, tt) X §2; M) I g'^^'VaVb^ = 0; C^ip = 0} (2.3) 
= {(fE C°°{{0, tt) X k) I y3 + cot t(f - As2(f = 0; C^if = 0} . 



The variational principle (2.2) gives rise to a natural (weakly) symplectic structure f2 
on S defined by 

^1{lPi, LP2) ■= sint j \'j\^^'^il(^(^2^i - LpiLp2^ . (2.4) 

Here, «t : ^ (0, vr) x denotes the inclusion given by Zt(s) = (t, s) G (0, vr) x It is 
straightforward to show that Q does not depend upon the choice of the value of time t 
used to define the embedding it(S^) C M x S^. We will refer to the infinite-dimensional 
linear symplectic space F := {S,Q) as the covariant phase space of the system [1]. We 
will denote the usual canonical phase space as T := (P,uj). Here, P is the space of 
smooth and symmetric Cauchy data P := {iQ,P) G C°°(§2;M) x C°°(§2;M) | C^Q = 
CcrP = 0}, endowed with the standard symplectic structure 

^{{Qi, Pi), {Q2, P2)) := / \l\"\Q2Pi - Q1P2) . (2.5) 

J §2 
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Given any value of t, it is possible to construct a symplectomorphism between the spaces 
r and T. The bijection 3t '■ T ^ T, that maps every Cauchy data {Q, P) to the unique 
solution ip & S such that 

ip{t,s)=Q{s) and {sin t) (f {t, s) = P{s) (2.6) 

is, irrespective of the value of t, a linear symplectomorphism, i.e., u = 3^Q. 

Any vector y9 G F is a smooth function on M x Therefore, for each value of 
t G (0,7r) we have G C°°(§^;]R). It is well known that any smooth symmetric 
function on can be written in the form 

oo 

{Lly,){s) = ^{t,s) = Y,Mt)ym{s) , (2.7) 



where Y^o denote the spherical harmonics (1.51) that in standard spherical coordinates 
have the form 

'2i + l^ 



in terms of Legendre polynomials ^e, satisfying the equations 

An2Y,o = -iii + l)Yio , C^Yeo = , 
and verifying the L^(S^)-orthogonality condition^ 



The coefficients A£{t) appearing in (2.7) are defined in terms of (p through 



Mt)= / h\'^'Yeo4^. 



Given the reality of the field it is clear that Ae{t) = Ae{t). From the fact that, for 
any fixed value of t and for all n G Nq, d^ip{t, ■) is a smooth function on we have 

lim r^=0, Vp,nGNo, Vt G (0,7r). 

Then, it is clear that any G F can be expanded in the form 

oo 

= (aeyiit) + aey,{t)'^Y,o{s) . (2.8) 



^The bar denotes complex conjugation and 6{£i,£2) is the Kronecker delta. 
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The massless Klein-Gordon equation defining S leads to the following equation for the 
complex functions yiit) 

ye + {cott)ye + i{i + l)ye = 0. (2.9) 

We will always assume that, for each i, the real and imaginary parts of yi, denoted Ui 
and vg respectively, are two real linearly independent solutions of (2.9). The complex 
coefficients must satisfy the fall-off conditions 



lim 



+ ) =0, Vp,nG No, VtG(0,7r). 



dt" 



dt" 



From the point of view of the classical theory, these conditions are necessary to guarantee 
the smoothness of the solution to the field equations. However, we do not need to know 
them in detail to discuss the quantization of the models. In fact, they will be relaxed to 
the milder condition Yle I'^^P ^ '^'^ when we introduce the one-particle Hilbert space. 
We will not make at this point any specific choice for the complex functions ye, but 
we will fix their normalization in the following way. Let us substitute first (2.8) in the 
symplectic structure (2.4). We find that 

oo 

^{ipi,ip2) = sint^ {af^af^ - af^af^) {ye{t)ije{t) - ye{t)ye{t)) . 
By explicitly decomposing yi{t) = ui(t) + iv^it) and writing 



yeit)ye{t) - yi,{t)yi{t) = 2idet 



Ui{t) Unit) 
Vi{t) Vi{t) 



--: 2iW{t;ue,Ve) . 



we have that, by virtue of the differential equation ( |2.9 ), the Wronskian W satisfies 



W + (cot t)W = ^ W{t; ug, ve) 



sint 



Q G 



and hence the symplectic structure takes the simple expression 



^(1)^(2) 



(2)^(1) 



CI /) (X D Qj /) (X 



)• 



(2.10) 



£=0 



Note that the time-independence of the symplectic structure is explicit now. In the 
following, we will choose the pair of functions (m^, ve) to be normalized in such a way 
that Q = 1/2, V£ G No, i.e.. 



W{t;ue,ve) 



1 



2 sint 



(2.11) 



It could appear that this condition is rather arbitrary but, as we will see, it is expedient to 
make this choice in order to ensure that the modes {(pi := ?/^y£o)^eNo define an orthogonal 
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basis of the one-particle Hilbert space used to construct the Fock space for the quantum 
theory. We also obtain in this way a very convenient expression for the symplectic 
structure fl that will be our starting point for the quantization of the models. A concrete 



election satisfying (2.11) is given by 



uoi{t) = -^^i{cost), voi{t) = -^^^(cost) , ieNo 



(2.12) 



with and ^£ denoting the first and second class Legendre functions, respectively. 



2.1.1 Classical dynamics 

The classical time evolution from the embedding «to(S^) C (0, vr) x §^ to «ti(S^) C 
(0, vr) X §^ is implemented on the canonical phase space T by the symplectic transfor- 
mation T(^ti,to) : T — > T defined as 



'(h,to) '■— Zti ° ^to 



(2.13) 



in terms of the symplectic maps : T ^ F introduced in (2.6) and their inverses. The 



maps can be easily computed in terms of the Fourier coefficients ap of if (2.8) as 



(2.14) 



The operator T(^ti,to) ^i^cts as follows: (i) first, it takes initial Cauchy data on «(„(§^), (ii) 
evolves them to the corresponding solution in S, and (iii) finds the Cauchy data induced 
by this solution on zt^(S^). On the other hand, time evolution can also be viewed as a 
symplectic transformation on the covariant phase space, Tltify) : T ^ defined by 



(ti,*o) 



-1 



(2.15) 



that (i) takes a solution of S, (ii) finds the induced Cauchy data on zt^(S^), and (iii) takes 
those data as initial data on ttg{S'^), finding the unique solution of S which corresponds 



to these initial conditions. In our case, combining (2.6) and (2.14), it is straightforward 



to check that the action of the operator T^t^M) given by 

oo 



i=0 



where 



ai{ti,tQ 



i{smtiyi{to)yi{ti) - fAntoyi{ti)yi{to))at 
i{smtiy(,{to)ye{ti) - sintoZ/K^i)?)K^o))a£ • 



(2.16) 



(2.17) 



In the next sections we will try to find out if this classical evolution can be unitarily 
implemented in a Fock quantization of the system. 
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2.2 Fock quantization 

In the passage to the quantum theory, we have to introduce a Hilbert space for our 
system. This will have the structure of a symmetric Fock space ^ built from some 
appropriate one-particle Hilbert space. We will review in this section the Fock quanti- 
zation techniques based on the covariant phase space description of the model, following 
the quantization steps discussed in section 2.3 of reference [2]. It is well known that 
for a system of a finite number of uncoupled quantum harmonic oscillators this pro- 
cedure provides a quantum theory unitarily equivalent to the usual tensor product of 
one-particle Hilbert spaces. However, for the case of a system of infinitely many uncou- 
pled quantum harmonic oscillators, the tensor product of infinite number of one-particle 
Hilbert spaces gives rise to nonseparable Hilbert spaces, as well as reducible representa- 
tions of the canonical commutation relations. The Fock quantization process analyzed 
below provides a better approach to deal with the infinitely many degrees of freedom 
present in these models, for it avoids the aforementioned difficulties. As expected for 
scalar fields in nonstationary curved background spacetimes, the Fock representation 
obtained in this way is highly non-unique; this is a problem that will be discussed in 
detail. 

In order to define the one-particle Hilbert space used to build the Fock space ^ ^ let 
iSc := C denote the C- vector space obtained by the complexification of the solution 



space S (2.3). The elements of 5c are ordered pairs of objects (921,^92) €5x5 that 
we will write in the form|^ $ := + %'^2 with the natural definition for their sum. 
Multiplication by complex scalars C 9 A = Ai + iA2, Ai, A2 G M, is defined as 

A$ := (Aiv^i - A2(/?2) + ^(A2V^i + A1V92) . 

We also introduce the conjugation " : 5c — >■ 5c : (v^i + i^'i) (v^i — i'-P'i)- Every 
vector $ G 5c can be expanded with the help of the basis {^pi := y^l^o! '■= ye'^m)£eNo 
introduced above as 



1=0 



with a^, hi G C. We extend the symplectic structure (2.4) to 5c by complex linearity in 
each variable, 



00 



1=0 

For each pair $1, $2 G 5c, consider now the sesquilinear map (-I-) : 5c x 5c — > C defined 

by 

(<I>i|<l>2) :=-2l)c($i,$2). (2.18) 

It is antilinear in the first argument and linear in the second, satisfying all the prop- 
erties of an inner product on 5c except that it fails to be positive definite. There are. 



*Here, i G C denotes the imaginary unit. 
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however, linear subspaces of Sc where (-I-) is positive definite (and, hence, defines an 
inner product). Consider, in particular, the Lagrangian subspace 

oo 

P:= |$G5c|$ = ^a,(^,}. (2.19) 

e=o 

Here, the restriction defines an inner product given by 

oo 

($i|$2) = J^aJ'^af , $i,<I>2GP. (2.20) 

e=o 

The separable and infinite-dimensional one-particle Hilbert space M'-p = £^(C) is then 
obtained by Cauchy completion of {V, (■|-)|p) with respect to the norm defined by the 
inner product 

oo oo 

^^:=(p,(.|.)|^)<-|->l^ = |$ = ^a,^, I a,GC,5^|a,|2<+oo}. 

£=0 e=o 

Note that the set {ipe = yfY£o)fjzfij^ becomes an orthonormal basis of J^, satisfying 
{ipi-^ I v^^a) Ip = ^{h, ^2)- The Hilbert space of the quantum theory is finally given by the 
symmetric Fock space 

00 

^+(^p) = 0^|"^ (^p^"), 

n=0 

where := C and ^l""* (.^^") denotes the n-fold symmetric tensor product of 

(see appendix [E| . Associated with the orthonormal modes ipi G J^, we define 
the corresponding annihilation ai := A{ipe) and creation operators := C{(pe), with 
nonvanishing commutation relations given by [af^,aj^] = 6{£i,£2)- As usual, we will 
denote as |0)-p the Fock vacuum 1©0©0©- ■ ■ G ^+(J^) whose only nonzero component 
is 1 G C. The vacuum is in the domain of all finite products of creation and annihilation 
operators, and the vectors 

IV V ■ ■ ■ := ^fTT^=^(<)'^(<)'" ■ ■ ■ i^i)>)v e ^+(=^p) , 

y/^nl ■ ■ ■ ^nl 

where k G No, (Vi, . . . G N'^, and ii 7^ Ij for i 7^ j, provide a basis of 
The basis vectors are normalized according to 

(V ■■■ VlH ■■■ 'm,;.) = 5(A;,r) ^5(V^i)m)---5(V^'=^rn) 

x5(^i,C(i))---'5(4,C(.)), 

where H^ denotes the set of permutations a of the k symbols {1, 2, ... , k}. The creation 
and annihilation operators satisfy 

a\\ni) = y/n+1 \{n + 1)^) , ae\ni) = ^/n\{n- 1)^) . 
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Using the notation introduced above, the modes ip^ of the one particle Hilbert space 
.J^-p can now be considered as one-particle states that we will denote as := a||0)p G 



Note that every choice (2.19) of the Lagrangian subspace V corresponds to the 
specification of a complex structure J-p on the space of solutions S. Indeed, owing to 
the fact that V Hp = {0}, where V is the complex conjugate space of V, it follows that 
Sc = V (BV and, hence, any vector if G S can be uniquely decomposed as = $ + $, 
with $ G P, $ G P. Then, given V and V, we can define the complex structure 
J-p : S S by Jp(f := «($ — $). This map is a linear canonical transformation on 
r = (5, Q) -i.e., Jp on S is compatible with with = Jp o Jp = —Ids. 

Denote by Sj^ the complex vector space S where, given any ip & S, the product by 
complex scalars C 3 z = x + iy, x,y E M., is defined by the rule z ■ ip := x(p + yJp(p. We 
have that the formula ^ 

fijT,i(pu (P2) ■■= ^^{Jv^i, (2.21) 

defines a positive definite bilinear symmetric form on S. We then conclude that the 
sesquilinear map 

{Vi\V2)j^ := /ijp ((^1,(^2) - 2^(<^i'<^2) (2.22) 

is an inner product on Sj^ [3]. In this context, the one-particle Hilbert space J^fp is given 
by the Cauchy completion of the Euchdean space {Sj^, (■|-)jp)- It is straightforward 
to check that the Cauchy completions of (V,{-\-)) and {Sj^, {-l-) j^) are isomorphic: 
Indeed, the C-linear map k : Sj^ V such that «;((/}) = G iSj^, $ G P, defines 

a unitary transformation of Sj^ onto P, i.e., {p>i\p>2) j-p = (^(v^i)|'^(v^2)) = ('^'i|'^'2), 
\fipi,(f2 £ Sj^. Finally, we will obtain a relation that is relevant for the algebraic 
formulation of the quantum theory. By the Schwartz inequality, for all (pi,f2 £ <Sj^ we 
have ||v5i||jp||v52||jp > |(v?i|v?2) j^P > |Im [((/?i|v72)jp]P, where || ■ denotes the norm 



associated with the inner product (2.22), so that fij^ satisfies 



1 2 

f^Jri^l, ^1) l^Jri^2, P'2) > ^{^ip>i, P>2)) ■ (2.23) 

2.2.1 Complex structures 

In practice, the definition of the complex structure Jp is complete once a choice of 



complex functions {ye)eeNo satisfying (2.9) and (2.11) is given. In that case, we can 



construct an orthonormal basis {(fe = yeYio)^^^^^^ for the one-particle Hilbert space Jifp 
and define Jp by imposing that the complex structure be diagonalized in Sq, 

Jpifie = iipe , Jpifi = -iifi . (2.24) 



Different choices for {ye)eeNo give rise in general to different complex structures. With the 
aim of characterizing the freedom in the election, consider the family {yoe)emo defined 
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by (2.12) satisfying the normalization condition (2.11). Denote by Jq the corresponding 
complex structure. For any other normalized election of a family of linearly independent 
functions [yi = ue + if£)^eNo we can write (in terms of the Uoe and Voe) 



yi{t) = ui{t) + ivi>{t) = aiuw{t) + /3eVoe(t) + i{jeUoe(t) + 6iVoe(t)) 



(2.25) 



The normalization that we are choosing ( |2.11 ) yields the following condition for the real 
coefficients ai, Pi, ji, and 6i, 



(2.26) 



I.e., 



G SL{2; 



V£ G No. 



It is well-known that 5'L(2,M) is bijective (as a set) to x M^, in the sense that any 
element of SL{2,'R) can be uniquely decomposed as the product of a rotation and an 
upper triangular matrix with unit determinant, 



SL{2, 







_ 7i _ 





cos 6e — sin 9i 
sin 9e cos 9e 



Pi yi 
p-i' 



(2.27) 



for a unique choice of pi > 0, G M, Qn G [0,27r). Different choices of the triplet 
(p^, z/£, Qi) correspond, in principle, to different complex structures on S, defined through 



(2.24) with 



yi(t) = pi cos 6iUoe{t) + (z/^ cos 6i- p^^ sin 6i)voi(t) 

+ i( Pi sin 9eUoeit) + {uisinOe + pj'^ cos6i)voi{t)) . 



However, this is not always the case. For instance, if we obtain yi from yoi by the 



rotation appearing in the decomposition (2.27), 

yi = Ui + ivi = cos 9iUoi — sin 9iVoi + z(sin 9iUoi + cos 9, 



e'^'yoi 



the set {{pi = yiYiQ)i^^^ defines a complex structure J through Jipi := iipi and Ji^i := 
—iipt. Now, it is straightforward to see that Jipi = iipi Je^^'^ipoe = ie^^'^foe, and 
C-linearity implies Jipoi = ifoi, i.e., J = Jq. Therefore, two different choices of the 
form {pi,h'i,9i) and {pi,h'i,9i), with 9i ^ 9i, give rise to the same complex structure. 
Then, in the following we will omit the angular part of (p^, z/^, 9i) by choosing = 



in (2.27). The complex structures defined trough {piiVi) and, hence, the corresponding 
Lagrangian subspaces P, will generally yield irreducible unitarily nonequivalent Fock 
representations. This a well known property of any QFT in a generic curved spacetime, 
and can be considered as a serious drawback to the formulation of the theory. Obvi- 
ously, this is not the case for a system of finite number of degrees of freedom, where 
the Stone- von Neumann's theorem can be applied [4]: For any Lagrangian subspace 
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V one obtains a quantum theory unitarily equivalent to the standard tensor product 
construction. Also, for the case of a massless scalar field evolving in a fixed station- 
ary spacetime, there exists a preferred choice of Lagrangian subspace by virtue of the 
time translation symmetry [2]. In our case, in absence of this symmetry (or any extra 
constraint obtained after deparameterization, that would generate residual symmetries 
useful to select a preferred representation of the canonical commutation relations, as in 
the 3-torus case), no natural, preferred election of V is available. In other words, due 
to the time-dependence of the Hamiltonian, the solutions of S do not oscillate harmon- 
ically and, thus, it is not possible to uniquely define subspaces of positive and negative 
frequency solutions. 



5'0(3)-invariant complex structures 

Our purpose now is to characterize those complex structures on the real solution 
space S^^ of the field equation g'^^VaV^f/? = 0, invariant under the symmetries of 

-the spatial manifold in our (1 -|- 2)-dimensional description- without imposing the 
symmetry condition C^j^p = 0. As we will show, once this is done it is straightforward 
to restrict them to the solution space S. In particular, we will prove that all complex 
structures Jp as defined in previous sections are S'0(3)-invariant; similarly, any 5*0(3)- 
invariant complex structure has an associated Lagrangian subspace V characterized by 
definite pairs (p^, u^). With this aim in mind, let us consider the complexified solution 
space S^^ = V^^ © Pq^ where 



KG 



^KG 



n^KG 
^ 

pKG 
^ 



= Span{yo^Yg^ K e No, m e {-^, . . . , ^}} , 
= Span{j/o£y^m K e No, m e {-£, . . . , ^}} . 



Here, Yim are the usual spherical harmonics on S^. There are two antilinear maps 
connecting the spaces and Pf''^ that we denote (in a slight notational abuse) with 
the same symbol ~ : Vi*^ — > : '4>i ^ i^i and ~ : V2 ^ V^'^ : '02 ^ V'2- Each one 
of these maps is the inverse of the other and their composition is the identity for every 



element of Vi 



KG 



or ^ 



^i.e., ijj — With their help, we can write the conjugation 



Sc —>■ Sc according to 



-02 



with ■^i e V^^ and ■02 £ Vt^*^- The elements in the original real solution space S^^ 
can be easily characterized by using the previous conjugation as those of the form 



or, alternatively, as the real linear subspace of S^^ given by S^^ 



The elements (pa € 



^'^ ~ 1, 2, are complex functions Paii-i -s) defined on (0, tt) x S^. 
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There is a natural representation Da of SO{3) in V^*^ defined by {Da{g)(p){t, s) — 
ip{t,g~^ ■ s), where ■ s denotes the action of the rotation G S0{3) on the point 
s e S^. Then, the natural representation of S0{3) in S^'-^ — Vi^®V2^ can be written 
in matrix form as 

D^ig) 



D{g) 



g e ^0(3) , 



in terms of the representations {Da,Va'^). Consider now a C-linear map J : ^S;^*^ 
<S^*^, in matrix notation 



Jll Jl2 
J2I J22 



where the maps Jab '■ V^^^ '^a'~' ^'^^ C-linear for a,b & {1,2}. The invariance of J 
under the action of the 5*0(3) group implies 



D{g)J=JD{g)^ 



JuDiig) Ji2D2{g) 
J2iD,{g) J22D2{g) 



D2{g)J21 D2{g)J22 



, ygeSOiS). 



We require that the restriction of J to 5^*^ is R-linear, i.e., J$ = J$ for every $ e 5^*^, 
which implies JuV? = J22'f and J2i<f — Ji2'^, this is, 

J22 — Jll , J12 — J21 , (2.28) 

where we have used the notation Aip := Aip to denote the C-linear map A : P^'^ — > P^*^ 
{a 7^ b) obtained from the C-linear map A : P^^ — > P^*^ . Finally, we impose that J be 
a complex structure, = "Id^^,. This requires 



•^11 + J21J21 — — Idi , J21J11 + J11J21 — . 
It is convenient now to expand the vector spaces V^^ as 



(2.29) 



with 



Vi := Span{yo€} ® Span{y^^ | m e {-£, ...,£}}, 
V2 := Span{j/o€} <8) Span{Yg^ | m e {-£, ...,£}}. 

This is useful because the operators Da{g) can be written as Da = ©^lo-^a' where 
each pair (V^, -Df ) is an irreducible representation. Denoting as 11^ the projectors on 
the linear spaces V^, we define 



jhi2 ._ 



K^jabK--n 



In order to proceed with the characterization of the complex structures, we establish 
the following lemma. 
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Lemma 2.2.1 (Schur). Let Di{g) and D2{g) be two finite dimensional, irreducible rep- 
resentations of the group G in the complex finite- dimensional linear spaces Vi and V2. 
Let us suppose that a linear operator L : Vi ^ V2 commutes with these representations , 
i.e., D2{g)L = LDi{g), W g E G. Then, either L is zero or it is invertible. In the 
latter case, both representations are equivalent and L is uniquely determined modulo a 
multiplicative constant. 

This lemma directly implies that J^l^^ = 0, whenever £1 ^ £2, and J^^ = faa^iai wher e 



^ C and /f„ denotes the identity on "P^, with J22 = Jii a consequence of (2.28). 
Also, 

Ji2{yw ®v)= j[^yoi ® V, J^iivoi ®v)= J2im ® V, j{2, J21 e C , 



with JI2 = J21 again as a consequence of (2.28). In conclusion, the general form of the 
mapping J is given by 



J 



e 

i=0 



Jll-'ll J12-'l2 
J12-'21 Jll-'22 



where I^^ denotes the identity operator in and the linear operators ^ '■'^1 ^ '^i 
according to (l/o^ ® = Vw^v and l2i{yoe ®v) = Vm ® v. Conditions (2.29 ) defining 



J as a complex structure finally yield the following restrictions on ji^ and ]\2, 



i/nr-ij 



12 I 



1, /nGzM\{0}, /12GC, 



(2.30) 



The previous considerations apply to solutions of the Klein-Gordon equation without 
imposing the additional axial symmetry. This can be trivially taken into account at this 
point by realizing that it suffices to restrict ourselves to the one-dimensional subspaces 
(for each value of £) spanned by the spherical harmonics Y^q. Note that on each subspace 
Vl © V2 the complex structure is completely fixed by a pair of complex parameters 



{T111A2) subject to the conditions (2.30); the remaining freedom is then parameterized 



by two real numbers. This is what we found before by explicitly considering the solution 
space and the choice of the families of functions ui and f^j^ According to (2.30), it 
suffices to take ]\^ = i and j\2 = £ E Nq, to conclude that all complex structures Jp 
naturally defined by these families of functions are, in fact, S'0(3) invariant. Similarly, 
in accordance with the previous arguments it is also clear that any S'0(3)-invariant 
complex structure, characterized by pairs (jii,Ji2) verifying (2.30), has an associated 
Lagrangian subspace V defined by a set (y^ = ptu^i + {vi + ipj )t>o^)fGNo- The formulas 
that relate the parameters pn and vi to the definition of the invariant complex structure 
discussed in this section are calculated as follows. Once a fiducial basis ip^i = VqiY^q 
is chosen (2.12), any other complex structure defined by a different basis -satisfying 



Here, the choice ]\i G iM+ is equivalent to the normahzation for the Wronskian of ui and vg 



introduced in equation (2.11 ) and guarantees that the sesquihnear form (2.18 1 restricted to the subspace 



corresponding to the i eigenvalue of J (that we have denotes as P in previous sections) defines an inner 
product. Changing the sign in the Wronskian corresponds to taking fn & 
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the normalization condition (2.11)- can be written in terms of <^o£, by using (2.25) and 



(2.27), as 







Jii-'ii 


e Ti - 

J12 -'12 










Jl2 -'21 


Jll -'22 







where 



/n 



J 



(2.31) 



(2.32) 



7^ 
Jl2 



-(a,/?, + 7,5,) + -(/?/ + 5,^ - ai - Yi) = -Pii^i + + P7 - Pt) ■ (2-33) 



Note that, as expected, the complex structures defined by (2.32) and ( 2.33[ ) do not 
depend on the parameters 6*, G [0, 27r) appearing in (2.27) but only on the pairs (p,, z/,) G 
(0,+oo) X M. 

2.2.2 Canonical commutation relations 

The canonical field operators associated with a given time t G (0, vr) are defined as 
operator- valuated distributions on S^, 



oo 

oo 



(2.34) 
(2.35) 



In practi ce, t hese expressions can be obtained by formally promoting the Fourier coeffi- 
cients in (2.8 ) to the creation and annihilation operators -aj and a,, respectively- associ- 



ated with the basic vectors (pi G J^. The infinite sums appearing in (2.34 ) and (2.35 ) do 
not converge, and the theory actually does not admit observables corresponding to the 
values of the field and its momentum at a given spacetime point {t, s). Rather, they must 
be interpreted in a distributional sense. Only the spacetime average of these expressions 
weighted by smooth functions on the 2-sphere are mathematically well-defined. Never- 
theless, the above expressions can be used to perform formal calculations provided that 
only linear operations of them be involved. Given any pair of smooth axially-symmetric 
real-valued functions on the 2-sphere, (71,(72 ^ C°°(S^;]R) with CaQk = 0, = 1,2, the 
above distributions define canonical field operators {Qt[gi], Pt[g2]) just by multiplying 



the formal expressions (2.34) and (2.35) by gi and (72, respectively, and integrating then 



over the round 2-sphere S . In this way, we obtain 



Qt[9i] = ^9e^^ (ye{t)ae + ye{t)dU , ^[^'2] = smt^g^ (yi{t)a(, + ye{t)d 



(2.36) 
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where Qk = ^'^q gg'^yeo, fi'l^'* G M, A; = 1,2. It is straightforward to check that, by 
construction, the states with a finite number of particles define a common, invari- 
ant, dense domain of analytic vectors for these configuration and momentum opera- 
tors, so that their essential self-adjointness is guaranteed and, hence, the existence of 
unique self-adjoint extensions for these operators (see Nelson's analytic vector theorem 
in [5]). Consider first the Qt[gi] operator. If G ^i"^^®"), then ^^"^ G ^^^^j™, 
for all m, and e © ^|"+')(^^® Denote kigi) := 



\f^Y^^=o 9t\(-{^)'^ti so that Qt[gi\ = {o-tigi) + oligi)) /y^- Relations (E.l) of appendi 



Ux 



|?/;*^"^|| , where we 



l^imply < 2'^/^{n+my/^{n+m-iy/^ ■ ■ ■ {n+iy/^gi\ 

have denoted := which converges given the square-summability 

of (fi'^^^)^eNo (recall that g is smooth) and the asymptotic behavior of ?/^(t) = 0(£~^/^) 
(see next section). Therefore, 

^-^ ml ^-^ ml \ nl I 

m=0 m=0 ^ ^ 

for all 2; G C. It directly follows that each vector ■?/' = (V'*-"'')ra>o in the dense domain 
of finite number of particles is analytic for We can proceed in the same way to 

prove a similar result for the momentum operator Pt[g'2\- In the next section, we will 
elucidate if the functional dependence in t of Q{t, s) and P{t, s) can be obtained by the 
action of a unitary operator in the Fock space ^+(.^^). 



2.3 Unitarity of the quantum time evolution 

We discuss in this section the unitarity of the quantum evolution for the models under 
consideration. A particularly convenient approach to this issue is given by the algebraic 
formulation of QFT, since the notion of unitary implement ability of linear symplectic 
transformations on Hilbert spaces can be analyzed in a natural way within this frame- 
work. As explained in appendix [C| the basic ingredients in the algebraic approach are 
(i) a unital C*-algebra 2t, with observable^ defining the subset of ^-invariant elements, 
and (ii) positive normalized linear functionals (states) Ci7 : 21 — > C with w(l) = 1 and 
w{A*A) > for all A G 21. The value of a state w on an observable A e ^, A = A* , 
is interpreted as the expectation value of that observable in the physical state of the 
system represented by zu, {A)^ = zu{A). 

The construction of the appropriate C* -algebra for free (linear) fields is straightfor- 
ward. Consider the covariant phase space F = {S, Q) of smooth real classical solutions 

^Some relevant physical observables, such as the stress-energy tensor of the quantum field, will not 
be represented as elements of 21. In this sense, the 2t algebra will encompass a minimal collection of 
physical observables sufficiently large to enable the theory to be formulated. 
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to the equation of motion given by (2.3) and (2.4); T has the structure of an infinite- 
dimensional symplectic vector space. As a consequence of the linearity of S, the set of 
elementary classical observables Oc can be identified with the M-vector space generated 
by linear functionals on F. Every vector 99 G F has an associated functional : F ^ M 
such that, for all t/^ G F, 



Therefore, Oc = Spanjl, F^,}^^^. As expected [6], this set satisfies the condition that 
any regular function on F can be obtained as a (suitable limit of) sum of products 
of elements in Oc, and also that it is closed under Poisson brackets, {F^(-), F^(-)} = 
Fip{ilj)I. The abstract quantum algebra of observables is then given by the usual Weyl 
C*-algebra W(T) on F generated by the elements W{ip) = exp{iF^{-)), G F, satisfying 
for all (y92 G F the following relations 

WiipiY = W{-ifii) , W{ip,)Wiip2) = exp (^-'-n{ip,, ip2?j Wiipl + ip2) , 

which contain the information about the canonical commutation relations. The GNS 
construction (see Theorem C.2.1 in appendix [C] ) establishes that, given any state wq 
on the algebra #'(F), there exist a Hilbert space i^roo; a representation vr^y : WiV) — > 
^{^■wo) from the Weyl algebra to the collection of bounded linear operators on ^^o) 
and a cyclic vector ■ojq ^ such that zdq{A) = (^E'roo I ^roo 

(A)^^„)^^^, vAG;r(F). 

Moreover, the triplet (iOrop, tt^o, ^roo) with these properties is unique up to unitary 
equivalence. The construction of the Fock spaces ^+{Jifj>) depending on the Lagrangian 
subspaces V discussed in previous sections proves equivalent to the GNS construction 
for the (faithful) state lUo : W(T) C defined as 

WoiWiv)) := exp , (2.37) 



with hj^ given by equation (2.21 ) and the vacuum "^^^^ = |0)p serving as the cyclic vec- 
tor. Indeed, the value of the state zuq acting on the Weyl generators W{ip) is interpreted 
as the expectation value of the associated operator Hj^^iW^ip)) on the vacuum state 
|0)p, i.e., wo{W{(p)) = {W{^))^^,). We have Tr^Miv)) = exp{tQ{<f, ■)), 

where the fundamental observables are defined as il((p,-) = i(^A{K{(f)) — C(k((/?))). 
Here, C and A are the creation and annihilation operators associated with /«(</?), with 
K : Sc ^ V being the C-linear projector defined by the splitting Sc = V ® V. 
By using the Baker-Campbell-HausdorfF (BCH) relation, and taking into account that 
[A{K{ip)),C{K{^))\ = {(p\(p)j^ = /ijp((^,(^), we finally get 

(^'^ok-o(W^M)^-o) = (*-ol exp(C(fi:((/^)))exp(-A(fi:((/^)))^^„)exp ^^j^(y;,y^) 
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Since the vacuum state is normalized, we have (vl/^^jj |\E'j^g) = 1 and recover the expres- 



sion (2.37). The state zuo is uniquely extended to W{T) by linearity and continuity. It 
clearly satisfies the positivity condition wo{A*A) > 0, A G W{r), for the basic elements 
W{ip), although it does not automatically verify this condition for arbitrary complex 
linear combinations of these elements. A necessary and sufficient condition for positivity 



is in fact given by relation (2.23). 



Every linear symplectic transformation T G SP(r), T*Q{ipi,(f2) = ^{Tifi,Tip2) = 
Q{(pi, (P2), defines a (unique) >K-automorphism ar G Aut(#^(r)) such that ar ■ W{ip) := 
W{Tip). Given any point ip = ( + ) Y^o £ T, the action of T can be 

written in the form 



with the complex coefficients 



Tip = ^ (ai{a, a)yi + 0^(0, a)y^Yi^Q . 



00 

a,(a, a) = Y, («(^, + ^(^, , ^ e No , 



Given a concrete Hilbert space representation (^,7r, \1/) of the Weyl algebra ^(F), for 
instance the Fock- like one, a (continuous) linear symplectic transformation T G SP(F) is 
said to be unitarily implementable on the Hilbert space ^ if vr and noar (or, equivalently, 
TToa^^) are unitarily equivalent representations, i.e., there exists a unitary operator Ur ■ 
^^S) such that U:p^ Ti{W{ip)) Ur = 7r(ar ■ W{ip)) = n{W{Tip)), for all W{ip) G W{T). 
Concretely, for the Fock representation space = ,^+{J^), one has 

00 

f/^i a^lf^ = J2 (tt(^, n^i' + l3{i, i')al') , ^ e No . (2.38) 
£'=0 

It is well known [7] that not every linear symplectic transformation T defined on the 
infinite dimensional symplectic linear space F can be unitarily implemented in the Fock 
space ^+(=^^). This is so because and its transform vr^o o ctr, whose action on 
basic observables is given by 



ariWiif))^^,) = exp (^-\n{iT-' o o T)^,^)^ 



do not necessarily yield unitarily equivalent Fock space representations. This will be the 
case if and only if Jp — T^^ o Jp o T is a Hilbert-Schmidt operator on the one-particle 
Hilbert space [2, 7]. This immediately translates into the condition 



5^5^|/5(£,f)P<+oo 



e=o £'=0 
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In particular, we will focus on the symplectic transformations T(^ti,to) defined in (2.16) 
representing the time evolution from 6to(§^) to ^(^(S^). The corresponding condition 
for the unitary implementability of this transformation can be written from (2.16) and 

oo 

J]|/3^(ti,to|2/£)P < +00, 



([2l7l) as 



(2.39) 



for all t(),ti G (0,7r), where 

p£{ti,to\ye) := i{smtiy(,{to)y(.{ti) - sintol/K^i)2/K^o)) • 
Equivalently, we have to check if 

oo oo 

Re^iPeiti, to I ye)] < +oo and ^ lm^[pi{ti, to \ ye)] < +oo 



i=0 



If these conditions are indeed verified, there will exist a unitary operator U{ti,to) 
,^j^{^'p) JF^{Ji^), the so-called unitary evolution operator, such that 

U-\t^,to)Q{to, s)U{tu to) = Q{ti, s) , U~\ti, to)P{to, s)U{t^,to) = P{t,, s) , 



with the field and momentum operators defined as in equations (2.34) and (2.35). At 
this point, we have to study the convergence of the previous series. Note, in particular, 
that their square summability depends only on its ultraviolet behavior (the zero mode 
corresponding to £ = plays no role in this context). Let us consider the real part of 
the Pe coefficients. By using the expression for yi in terms of the pe and ui coefficients, 
ye = peUoe + {i^e + 'i'P^^)voe-, it is possible to identify the dependence of Re[/3^(ti,to I Ui)] 
on the choice of complex structures. This is given by 



Re[l3e{ti, to \ ye)] = Ae{ti, to) + 2p^ V^5^(ti, to) 



(2.40) 



where 

Ae{ti,to) 
Be{ti,to) 



smti{uoe{to)voe{ti) + voe{to)uoe{ti)) - smto{uoe(ti)voe(to) + uoe(to)voe(ti)) 
smtiVoe(to)voe{ti) ~ smtoVoe(ti)voe{to) . 



The explicit form of Ae and Be, derived in a straightforward way from (2.12), is 

i+l 



Ae{ti,to) 



<f^£+i(costi)^^(costo) — ^e+i{costo).^e{costi) 

+ .^i{costi) ( cos to — costi)=S£(costo) — =S£+i(costo)) 
-|-^£(costo) ((cos to — costi)=S^(costi) — JSe+i{costi)) ) , 



Be{ti, to) 



+ 1 



^^(cos ti)^e+i (cos to) 

— ((cos to — costi)^^(costi) + ^^+i(costi))^£(costo) j . 



Chapter 2. Fock Space Quantization 



63 



By using the following asymptotic expansions for the first and second class Legendre 
functions {e < t < n — e, e > 0) [8] 



^.(cost) ^ ^— cos((. + l/2)t-./4)-^^-^(cos((£ + l/2)t-./4) 

- ^ cot t sin ((£ + 1/2) - 7r/4) ) + O (r ^/') , 

^.(cost) = cos in + l/2)t + n/A) - ^ ( cos ((£ + l/2)t + ./4) 

- J cot t sin ((£ + 1/2) + 7r/4)) +0(r^/2) , (2.41) 



we find that 



T ^ , I M 1 sill ^ 1 — sin tn . , ^ , X / XT 

Re[/3£(ti, to I y^)] -— =4==^ sin[(£ + l/2)(to + ti)] 

2 vsmio smii 

^^^P^ ^ / ^ ^^2)to + 7r/4] sin[(£ + l/2)ti + 7r/4] 

2 V sin to sinti V 

- sin to cos[(£ + l/2)ti + 7r/4] sin[(£ + l/2)to + 7r/4] 

as £ — > +00. The asymptotic behavior of Re[/3^(ti,to \ yi)\ leads us to conclude that, 
irrespective of the choice of (pijUe), it is not square summable and, hence, the quan- 
tum time evolution cannot be unitarily implemented for any choice of S'0(3)-invariant 
complex structure. 

2.3.1 Conformal field redefinitions 

The negative conclusion concerning the impossibility of unitarily implementing the 
time evolution can be overcome much in the same way as in the three-torus 3-torus case, 
i.e., by introducing a redefinition of the fields in terms of which the model is formulated 
[9]. In our approach, this redefinition is appropriately interpreted from a geometrical 
point of view, being suggested by the functional form of the conformal factor sint which 
appears in the auxiliary metric cjab ( |2.1 ). In the following, we will reintroduce the index 



i that labels the gravitational scalar {i = 0) and the matter scalars {i ^ 0) and consider 
the new fields 

^i:=V^tipi. (2.42) 

The equations of motion are now 

+ As26 = ^ (1 + esc' t)^i , CM = . (2.43) 

These can be interpreted as the equations for scalar, axially symmetric fields with time- 
dependent mass term |(l + csc^ t), evolving in (0, vr) x §^ with the regular -i.e. extensible 
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to M X fixed static background metric 



Vab = -(dt)a(dt)b + 7a6. 



(2.44) 



Note that the singular behavior introduced by the conformal factor sint in (2.1) is 



translated, in terms of the redefined fields, into the behavior of the time-dependent 
potential term, which is singular at t = and t = vr. In spite of being singular at these 
instants of time, we expect to attain unitary dynamics if this potential is well behaved 
enough. In particular, it has the correct positive sign for all t G (0,7r). Otherwise, the 
modes would satisfy harmonic oscillator equations with a negative time dependent square 
frequency; this would introduce a non-oscillatory behavior of the modes that, at the end 
of the day, may become again responsible for the failure of the unitarity condition. 



The field redefinition (2.42) can be incorporated in the model at the Lagrangian level 
by substituting 0i = ^i/y/sint in the action (2.2) to get the corresponding variational 
problem in terms of the new fields 

^te) = -It, [ |r)|^/V''((de^)a(de.)6-(dlogsint),(de.)6e. (2.45) 



- (d log sin t )a (d log sin t)b^^ 



Next, we will follow the method used in the preceding sections for the original ip fields. 
Some details will be omitted owing to their similarity with the previous derivations. 
The canonical phase space for the ^-field equations is given again by T = (P,u), with 
P := {(g,P) G C°°(§2;M) x C°°(§2; R) | = Q = C^P} and cu given by We 
define the space of smooth and symmetric real solutions to the Klein-Gordon equation 
(2.43) and expand ^ G iS^ as 



where Zi{t) are complex functions satisfying the differential equations 



it+ -(l + csc^t) +£(£+ 1) = 0. 



(2.46) 



(2.47) 



The functions can be easily written in terms the functions appearing in (2.9) and 



satisfying (2.11) 



zi{t) = V sin tye{t) 
the Wronskian being now normalized as 



Z£Z£ — Z£Z£ 



(2.48) 
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This allows us to write the symplectic structure in S^, naturally derived from the varia- 
tional principle (2.45), as 

„ oo 



Classical evolution 



We now consider the classical functional time evolution operator Ti^ti,to) • — * in 
the covariant phase space F^ = {S^, Q^^). As before, we will write it in the form 

oo 

{T^t„to)Oit,s) := {Hti,to)ze{t) + Wih,to)ze{t)^Yeo{s) . (2.49) 

e=o 

In this case, the map Ti^ti,to) = 5to ° ^ti^ is constructed from 

ar/:r^-T, e^(g,P)= 5-1(0, (2.50) 

defined by 

oo 

Q{s) := ^{h,s) = Y,{beZi{h)+'k^)Ym{s), (2.51) 



P{s) := i{tus)-^-cott^atus) (2.52) 



£=0 

and from 



Zt,:T^T^, (g, P)^^ = a,, (g, P) , (2.53) 



defined, in terms of the Fourier coefficients bi of ^ (2.46), by 

be{to) = -t(kito)-lcottoze{to)) [ \l\''^Y,oQ + iz,{t^) f H^'^Y.^P . 
From these expressions, we finally obtain 

^^£(^1,^0) = ^(^£(to)(2;£(ti) - ^cottiz^(ti)j - 2;^(ti)(^l£(to) - ^cotto^K^o))) (2.54) 
+ i[zi{tQ)[ii{t^ - ^ cottiz^(ti)j ~ Z(^{tx){ii{t^^ - ^ cotto^^to))) • 
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Quantum evolution 



The unitarity condition for tlie quantum evolution in the corresponding Fock space 
quantization becomes 

oo oo 

J2 If^Kti^to I ze)\^ = (Re'[/3|(ti,to I ze)] + Im^f/^f (ti, to I ^^)]) < +00 , (2.55) 



£=0 



for all tQ,ti G (0,7r), where 
Pfiti, to I ze) := izi{to) (^^eih) - ^ cot tizeiti)^ - iz^iti) (^^e(to) - ^ cot toZe(to)^ ■ (2.56) 



The general solution to equation (2.47) under the normalization condition (2.48) can be 
written again in terms of associated Legendre functions (2.12) in the form 



ze{t) = pe\/smtuoe{t) + {ue + ip^, ^)Vsmtvoe{t) 
= Peuoeit) + {ui + ip'(^^)voe(t) , 

where, as above, 5'0(3)-invariant complex structures differ from each other just in the 
pairs {pi, Vf), with p£ > and z/^ G M, and we have defined 



:= V sin t Uqi and Vqi, := \J sint 



(2.57) 



We have to discuss now the convergence condition expressed in (2.55). Let us first 
consider the real part 



where 



Be(ti, to 



Re[/3|(ti, to I Ze)] = A^ih, to) + 2uepfBe{h, to) 



:= Uoi{to)voiiti) - Uoeiti)voeito) + UoEiti)voe{to) - Uoeito)voeiti) 
- -(cotti - cot to) iuoe{ti)voe{to) + Uoe{to)voiiti)) , 

:= voe(to)voi(ti) - voe(ti)voe(to) - ^(cotti - cotto)voi{to)voe{ti) . 



The asymptotic behaviors of Ae and Bg as £ +00 can be obtained from (2.12) and 

1 



(pTl), 



Aeih,to) ~ --(cotti -cotto)cos((£ + l/2)(to + ti)) , (2.58) 

5,(ti,to) ~ -^sin((£+l/2)(ti-to)). (2.59) 

We then conclude that Re[/9|(ti,to | z^)] is square summable if and only if 

(^^P^"').eNo^^'W- (2.60) 
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For the imaginary part of the /3|(ti,to I zg) coefficients, we have 



where 



1 



1 



sm 



TT 



((£+l/2)(ti-to)). 



2 

when 



(cotti - COtto)Uoi{to)Uoi{ti 



-oo. 



(2.61) 



The asymptotic behavior as 



+00 of lm[j3^(ti,to\ ze)] can be obtained now from 
(2.58), (2.59), and (2.61). The imaginary part is then square summable if and only if 



[pfVi/t) 



and {uj + Apl/Ti^ - pf)^^^^^^ G fiM) 



(2.62) 



Taking into account that conditions (2.60) and (2.62) must be satisfied jointly, we con- 
clude that P^(ti,to I ze) is square summable if and only if 



+ xe>0, (x^)£eN„ e 



and (z/^)teN„ e 



(2.63) 



We end this section by showing that the linear symplectic map T(ti, tQ) is continuous 
in the norm || ■ || = ^J {■\-)\v associated with the inner product ( 2.20| for all complex 
structures characterized by pairs [pi^vi) verifying (2.63). That is, there exists some 
K{ti,to) > such that 

\\Kmuto)m<K{h,to)Mm, 

for all ^ G iSg, where k : S^^-^ is the C-linear projector defined by the splitting 
iS^j, =V^®V^. By using ( |2.49 ) and ( |2.54[ ), it is straightforward to show that 

oo oo 

ll'^(%,to)Of = E l^'^(^i'^o)P < (l"^(^i'^o I z,)\' + |/3|(ti,to I z,)\^) , (2.64) 



1=0 



1=0 



where 

a\{ti,tQ\ Z(,) := izi{tQ)(^Zi,{ti) - ]^cottiZi{ti)^ - Z2;£(ti) (^l^(to) - ^ cot to^£(to) 
and the /3|(ti,to I Z() coefficients are given by (2.56). We have shown above that the se- 



quence (|/3|(ti,to I -2f)|)£eNo is bounded (actually square summable) so in the case when 
the sequence (|a|(i:i,to I -2^)|)^eNo be also bounded, the continuity of T(ti,to) follows di- 
rectly from equation (2.64). It suffices to remember that a^(ti,to I zg) and f3^{ti,to \ zg) 
are Bogoliubov coefficients satisfying |a^(ti, to | 2;^)P — \Pe{ti,to\ ze)\'^ = 1 for all i to 
conclude that |a|(ti,to \ ze)\ ^ I as £ ^ +oo. Therefore, it is clear that there exists a 
K^iti. to) > such that |a^(ti,to I Zi)\^ + |/3|(ti,to I ze)\^ < K^iti,to) , V£ G Nq. Then, 
using ( |2.64[ ), we get that ||K('7(ti,to)6lP < i^^(ti, to)||/t( ^)p a nd, hence, T(^tuto) is contin- 
uous. In conclusion, by imposing suitable conditions (2.63) on the parameters pe and 
Ui, it is possible to find S'0(3)-complex structures (equivalently, subspaces V) such that 
the quantum dynamics can be unitarily implemented in J^+{J^p). 
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2.4 Uniqueness of the Fock quantization 

In the case of the Gowdy models, the presence of an extra constraint remaining 
after deparameterization, and the corresponding U{1) symmetry generated by it, gives 
the possibihty of introducing a physically sensible criterion to select a preferred complex 
structure, namely, invariance under this symmetry [10]. This is not the case for the other 
compact topologies §^ x §^ and §^ for which, as showed in Chapter^ there are no extra 
constraints after deparameterization. In these cases, we will use the S0{3) symmetry 
associated with the background metric to select a preferred class of complex structures. 
Once we require that the quantum dynamics is unitary, we will find that all of them are 
unitarily equivalent 

To this end, let us recall some properties of the S"© (3) -invariant complex structures 



considered in section |2.2.1[ Any invariant complex structure J is related to the complex 
structure Jq (defined for the ^ field by the set of functions {zoe(t) = uoeit) + ivQe)e£no 
corresponding to = 1 and Ui = 0) through a linear symplectic transformation Tj, so 



that J = Tj o Jq oTj^. Explicitly, making use of relation (2.31), a direct calculation 
shows 



Tj 



e 

£=0 



(2.65) 



with 



1 + biil)/2 (up to multiplicative phase) 



Note that Jo does not lead to a unitary implementation of the dynamics. In this context, 
it is fixed just to compare different complex structures. Let us then consider any two 
S'0(3)-invariant complex structures, J and J', for which the dynamics is unitary - 



they are thus characterized by pairs {pe,i^e) satisfying (2.63). They will define unitarily 
equivalent quantum theories if and only if the linear symplectic transformation Tj j/ := 
Tj o Ty,^ connecting them through J = Tjji o J' o Tjj, is unitarily implement able. This 
is the case if and only if the sequence 



£eNo 



is square summable. Taking into account the relations ( |2.32 ) and (2.33), as well as the 
asymptotic behaviors (2.63), the previous condition is verified, so the quantum theories 



defined by J and J' are, indeed, unitarily equivalent. The simplicity of this result typifies 
the usefulness of the employed formalism. 



''See also [11] for an independent proof of this result. 
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2.5 Self- adjoint ness and domain of quantum Hamil- 
tonians 

We analyze here an interesting feature of the quantum dynamics for these systems: 
The fact that, even though the evolution is unitarily implemented, the time-dependent 
quantum Hamiltonian, proved to be self-adjoint for each value of the time parameter, 
has the striking property that Fock space vectors corresponding to a finite number of 
particle-like excitations do not belong to its domain. We will then discuss the possibility 
of modifying the expression of the Hamiltonian at the classical level in order to avoid 
these problems regarding the domain of its quantum counterpart. 



The classical Hamiltonian governing the dynamics on the canonical phase space 
T = {P,uj) in the ^-description of the system is derived from the action (2.45). It is 
given by the time-dependent indefinit^ quadratic form 



(2.66) 



Note that, due to the nonautonomous nature of the classical Hamiltonian, the time 
evolution does not define a one-parameter symplectic group on T and we cannot apply 
Stone's theorem to justify the self-adjointness of the corresponding (one-parameter fam- 
ily of) operators in the quantum theory. Nevertheless, it is possible to show that the 
quantum Hamiltonian is self-adjoint for each value of the time parameter t by analyzing 
the unitary implementability on ^^{J^) of the one-parameter symplectic group gener- 
ated by the autonomous Hamiltonian H{t), once a value t = t E (0, vr) has been fixed. 
Here, we will follow the efficient procedure employed in [12] for the Gowdy model, 
subsequently generahzed in [13] to discuss the self-adjointness of general quadratic oper- 
ators in this context. We start by considering the auxiliary system (P,uj,H{t)), where 
the dynamics is governed by the classical autonomous Hamiltonian 



oo 



(2.67) 



£=0 



with 



1 \2 / 1 \ 

- cot rz^(r)j +£(£+ 1)zI{t) + cotr \ Z(,{t) - - cot r zi{T)jzi>{r) 



cot r zAt] 



+ £(£ + l)|z,(r)p 



1 



-cotr I [zi,{t) - ]^coi T zi{t)^zi{t) + [zi,{t) - ]^coi tzi{t) ]zi{t) ] . (2.68) 



^Note the appearance of a cross term involving Q and P. 
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The modes b^, hi are defined through the relations := Jga lll^^'^QYeo = zi{T)hi + zi{T)hi 
and Pi := j^, \i\''^PYiq = (i,(r) - (1/2) cot r 2, (r)) 6, + (l,(r) - (1/2) cot r ^,(r))_6,. 
Their evolution in a fictitious time parameter s G M is given by the linear equationqj 



ds 
ds 



{bi,Hir)} = -t{Giir)bi + Kiir)bi) , 
{bi,H{r)} = t{Ke{r)be + Ge{T)be). 



(2.69) 



Using the normalization condition (2.48), we easily obtain the second-order differential 
equation 

d%i / 1 



i{£ + l) 



COV T]b 



ds2 V"^" ' 4 
whose solutions have a hnear dependence on the initial conditions 6^(so) and be{so 



(2.70) 



be{s) = ae{s, So)bi{so) + (3i{s, So)be{so) , bi,{s) = be{s) . 



(2.71) 



This symplectic transformation is unitarily implementable on ,'^j^{^'p) for each s e 
M, i.e., there exists a unitary operator u{s,so) : ^+{M''p) ^^{Mv) such that 
{i"^(s, so)6^m(s. So) = ai{s,SQ)bi \ i5i{s,Si^b\ and u~^{s,s^b\u{s,SQ) = f3e{s,so)be + 
ae{s, so)&J, if and only if the Bogoliubov coefficients Pi are square summable [7], 



Y,\Pe{s,so)\^ < +00. 



(2.72) 



1=0 



Here, bl and bi are the creation and annihilation operators associated with the modes 
= ziYeo, respectively. Note that, for each value of r G (0, tt), there exists io G No such 
that 



Xj ■= £{£ + 1) - - cot' r > , V£ > £0 



In this case, 



<ye{s,so) = cos (A^(s - So)) - iA/G^(r) sin (A^(s - So)) , 
A(s,so) = -zA7^K'£(r) sin (A£(s - So)) . 

It suffices to consider the modes corresponding to £ > io, since the convergence of 
the series (2.72) depends, in practice, only on the high-frequency behavior of the /?£ 

IS i] 

exp {-i[{£ + l/2)t - 7r/4]) + 0{r^/^) 



coefficients. Taking into account the asymptotic expansions in 

1 



ze{t) 



2i 



(2.73) 



Zi{t) - ^ cot t Zi{t) = -i^^ exp {-t[{£ + l/2)t - 7r/4]) + 0(r ^/') 



^Here, {•, •} denotes the Poisson bracket defined from (2.5), with {6^,6^/} — -~i6{£,£')l. 



Chapter 2. Fock Space Quantization 



71 



we have Ke{T) = 0(1), so that J^iyio ■^e'^\^ei'^)\'^ ^^^"^ {-^^(^ - Sp)) < +oo, Vs G M and 



hence, condition (2.72) is verified. Finally, the transformation (2.71 ) is implement able as 
a continuous, unitary, one-parameter group if it verifies the strong continuity condition 
in the auxiliary parameter s 



limV |6,(s)-6,(so)|' = 0, soGM. (2.74) 

s— >so ^ — ^ 

£=0 

Again, we can restrict ourselves to the modes i > io- It is straightforward to check that 



this condition holds for the solution (2.71) with square summable initial data and 



b£. Therefore, we have obtained a strongly continuous and unitary one-parameter group 
whose generator is self-adjoint according to Stone's theorem. 

The quantum Hamiltonian of the models under consideration can be explicitly cal- 
culated as the strong limit 

s-lim^^^^^^^f = ~zmf, f^^m^ (2-75) 

where U(t,to) denotes the quantum evolution operator on that can be univo- 

cally derived from the evolution of creation operators in the Heisenberg picture 

U-\t, to) k U{t, to) = a\{t, to I zi)k + /?|(t, to I z,)b\ , 
ij-\t, to) b\ U (t, to) = ^|(t, to I z,)h + a\{t, to I zt)b\ , 

and the evolution of the vacuum state |0)p := 1©0©0©-- - G =^+(.^^), that can be 
written in closed form as (see also [14 — 16]) 



f/(t, to) |0)p = iV(t, to) exp ( -i 5^ ^ {y Ud p. j 



V 



where N{t, to) is fixed (up to an irrelevant multiplicative phase) by normalization 

1 



\N{t,to)\=\[ 



£&k, \J\a\{to,t\ Zi) 



Note in particular that, as expected in a nonautonomous system, the vacuum state (and, 
hence, states with a finite number of particles) is not stable under time evolution. The 
previous result ensures the self-adjointness of the quantum Hamiltonian H{t) and the 
existence of a dense domain ^^(^t) C ^+(=^^), for each value of the time parameter 
t G (0, tt). Unfortunately, the method employed here does not provide us with a charac- 
terization of such domains or the concrete expression of the quantum Hamiltonian. This 



can be done in a mathematically rigorous way by studying the differentiability (2.75) 
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of U{t,to). Nevertheless, given the quadratic nature of the classical Hamiltonian, it is 
expected that this limit coincides with the operator directly promoted from the classical 
function up to normal ordering, 



oo 



(2.76) 



However, this operator does not have the Fock vacuum state |0)p in its domain due to 
the non-square summability of the Ki sequence defined in ( |2.68[ ). Indeed, the action of 
the quantum Hamiltonian on the vacuum |0)p is 



^ oo 



where |2^) = 2-^/%f |0)p. The state i^(t)| 0)p is normalizable if and only if \Ke{t)\'^ 
< +00, a condition which is not verified since that K£{t) = 0(1). As a consequence, the 
action of the operator is not defined either on the dense subspace of states with a finite 
number of particles. This difficulty can be overcome right from the start by realizing 
that the covariant phase space Fg defined by (2.45) can be equivalently derived from the 
simpler action 



[ Ivl'^'v'^iidOaidOt + ]il + oscH) e) ■ (2.77) 



This variational principle gives now a time-dependent, positive definite, diagonal Hamil- 
tonian of the form 



HoiQ,P;t):-- 



1 



17 



§2 



1/2 ( p2 ^ g ^ ^g^2^) - As2 g ) . (2.78) 



The Hamiltonians (2.66) and (2.78) obviously govern the same classical evolution. Note, 
however, that they are connected by a time-dependent symplectic transformation that, 
in principle, is not unitarily implementable. As a consequence, one possibly obtains 
nonequivalent quantum theories from them. The corresponding quantum Hamiltonian 
is given, after normal ordering, by 



Ho{t) = ^ 5^ (Koi{t)^ + Koi{t)bf + 2Goi{t)h\h 



where 



Goeit) 



i=0 



(2.79) 



Q(l + csc2t) + 



+ 1) A{t) 



(2.80) 



|i,(t)|'+ Q(l + csc't) +£(£ + 1)^ \z,{t)\' 
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There are no subtleties associated with the domain of this new quantum Hamiltonian in 
the sense that now the Fock space vacuum belongs to the its domain -in this case, KQi{t) 
defines a square summable sequence for each value of t. Moreover, the previous results 
concerning the unitary implementation of the time evolution and the uniqueness of the 
Fock representation are also valid in this case. Concretely, the biparametric family of 
complex structures for which the dynamics is unitary is characterized again by the pairs 

2.63). In what follows, we will consider the dynamics of the system to be described by 

2.78 
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Chapter 3 

Schrodinger Quantization 



D. G. Vergel 

Classical and Quantum Gravity 25, 175016 (2008) 

J. F. Barbero G., D. G. Vergel, and E. J. S. Villasenor 
Physical Review D 74, 024003 (2006) 

We will consider the Schrodinger representation for the linearly polarized Gowdy 
X and models coupled to massless scalar fields, where states act as functionals 
on the quantum configuration space ^ for a fixed time to- Here, ^ is an appropriate 
distributional extension of the classical configuration space characterized in these 
cases by the space of tempered distributions on the 2-sphere. The Hilbert space then 
takes the form ^(to) = L"^ , dfito) ■ The identification of the Gaussian nature of 
the measure Hiq, the nonstandard representation of the momentum operator, and the 
relation between Schrodinger and Fock representations were exhaustively analyzed in [1] 
as a natural extension to the functional description of the Fock quantization of scalar 
fields in curved backgrounds [2]. In the QFT context, the Schrodinger representation has 
been historically pushed into the background in favor of the usual Fock quantization due 
to the difficulty in using it to address sensible questions regarding physical scattering 
processes. However, it is certainly the most natural representation in the context of 
canonical quantum gravity, in view of the splitting of spacetime into spatial sections of 
constant time. Furthermore, as was pointed out in [3] for the vacuum three-torus case, 
it provides a better understanding of the properties of the quantized field, since it is 
possible to determine the behavior of the typical field configurations through the study 
of the measure support. 

3.1 Constructing the space 

Let us denote by ^ the Schwartz space of smooth and symmetric test functions on 
the 2-sphere, 

y := {/eC°°(§2;M) I CJ = Q}, 
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endowed with the standard nuclear topology. Note that every element f ^ can be 
expanded as 

oo 

/(s) = ^/,F,o(s), se^\ (3.1) 

£=0 

with (/^)£eNo being a sequence of rapidly decreasing real coefficients, such that lim^^+oo 
^"/^ = 0, Vn G Nq. As 5^ is central to our future considerations, it is very useful to have 
as complete a characterization as possible. Concretely, we will revise the equivalent de- 
scription of the topological structure of in terms of the locally convex space of rapidly 
decreasing sequences in section 3.1.l|p" The quantum configuration space used to define 



the Schrodinger representation is then the topological dual 5^' space of continuous linear 
functionals (tempered distributions) on y . Note that this space includes the delta func- 
tions and their derivatives. Given a time of embedding tg, the Schrodinger representation 
is introduced by defining a suitable Hilbert space L^(^', d/itg), for a certain measure 
/ifg, in which the configuration observables act as multiplication operators. Here, the 
measure is implicitly assumed to be defined on the cr-algebra 0"(Cyl(o5^')) generated 
by the cylinder sets. As we will see later, given the Gaussian nature of the measure 
^toi the momentum operators will differ from the usual ones in terms of derivatives by 
a multiplicative term depending on the configuration variables, 

Pf(to)^ = —idq^^ + multiplicative term. 

We saw in Chapter^ihaX the phase space of the models under consideration can be 
alternatively described by solutions to the equation of motion in the covariant scheme 
or in terms of Cauchy data in the canonical formalism. In the present approach, it is 
especially convenient to construct the Weyl C*-algebra of quantum observables from the 
canonical phase space scheme. The arguments used here will be, in any case, analogous 



to those employed in section 2^ within the covariant formalism. We start by construct- 
ing the set Oc of elementary classical observables of the theory. Again, the election is 
particularly simple given the linearity of the space P = x 5^ . In this case, Oc can 
be identified with the M- vector space generated by linear functionals on P. Every pair 
A := (— f) E P, f, g E S^, has an associated functional : P — M such that, for all 

x = (Q,P)eP, 

LxiX):=iu{X,X)= [ \^\'/\fQ + gP) , (3.2) 



with the symplectic structure u defined as in equation (2.5). In this way, Oc = 
Span{I, LaIagp- Again, this set satisfies the condition that any regular function on 
P can be obtained as a (suitable limit of) sum of products of elements in Oc, and 
also that it is closed under Poisson brackets, {Lx{-), L^{-)} = L,^(A)I. Specifically, the 
configuration and momentum observables are objects of this type defined by the pairs 

^For more details, the reader can consult [4] 
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A = (0, /) and A = {~g, 0), respectively 

~ oo 

Qif) := L^oj){Q,P)= \l\'^'fQ = J2f^Q^ 



i=0 

oo 



Pig) 



(3.3) 

(3.4) 



where the symmetric test functions have been expanded as explained at the beginning of 
this section -see the equation (3.1). Here, with the aim of simplifying the notation, we 
have used the same symbol to denote the canonical inclusion 5^ "—>■ S^' of into S^' . In 
this way, L(^_gj){Q, P) = Q{f) + P{g). Given the canonical phase space T = (P,a;), the 
corresponding Weyl C*-algebra W(T) is generated by the elements W{X) = exp{iLx{-)), 
A e P, satisfying the conditions 



exp(- -cj(Ai,A2))l^(Ai + A2), 



(3.5) 



for all Ai, A2 € P. Since the generators of this algebra and the one defined in section 2.3 
satisfy the same Weyl relations, there exists a unique *-isomorphism connecting them. 

From now on, we will implicitly assume the use of a concrete 5'0(3)-invariant com- 
plex structure J-p satisfying the conditions (2.63), so that the dynamics is unitarily 
implemented on the Fock space ^+(=^^). Let : P — > to e (0,7r), be the sym- 



plectomorphism introduced in section 2.1 which defines for each pair of Cauchy data 
{Q,P) G P the unique solution E such that ^(to^-^) = Q{s) and ^{to,s) = P{s) 
under the evolution given by the Hamiltonian (2.78). This is, 

00 

at,s) = {3t,{Q,P)){t,s) = J2 {b,{to)ze{t) + h{to)z,{t)^ Yeo{s) e , (3.6) 

£=0 

with 

be{to) := ize(to)Pe - i^i{to)Qc . (3.7) 

This map gives rise to a natural tu-compatible complex structure on the canonical phase 
space, 

Jt, :=a,>JpoJ,„:P^P, 



such that 

(Q, P) G P ^ 4,(Q, P) = {A{to)Q + B{to)P, D{to)Q + C{to)P) G P , (3.8) 

where A(io), -B(^o)) C*(to), -D(to) : ^ ^ ^ are linear operators satisfying, by virtue of 
the ^-compatibility, the relations [5] 



(/, i?(to)/) = (fi(to)/, /') , ig. Dito)g') = {Dito)g, g') , (/, A{to)g) = -(C(to)/, g) , 
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for all /, /', g' G . Here, we have denoted 



Also, given the condition J^^^ = — Idp, we have 

A\to) + B{t^)D{tQ) 
C^ito) + D{to)B{to) 



1, A(to)S(to) + 5(to)C(to) = 0, 
-1, D{to)A{to) + C{to)D{to) = 0. 



Thereby, assuming B{to) invertible, the C(to) and -D(to) operators can be expressed in 
terms of the A{to) and B{to) operators through the relations 



B-'{to)A{to)B{to) and D{to) = -B-'{to)il + A'{to)) 



respectively, in such a way that the complex structure Jt^ is fully characterized by 



them. Using the normalization condition (2.48) and equation (3.6) it is straightforward 
to obtairr] 



{A{to)Q){s) = 5^(l£(to)2;^(to) + i;K^o)^f(to))Q^>'£o(s) 

1=0 

oo 

{B{to)P){s) = -2Y,\ze{to)\'PeYeo{s). 



(3.9) 



i=0 



It is worth noting that, given the rapidly decreasing nature of the sequences {Q 
and (P£)^gNo! as well as the asymptotic behavior of the ze functions decaying like (2.73) 



the A{to) and B{to) operators are well defined on S^. In addition, B{to) has an inverse 
operator i?~^(to) : ^ given by 



oo 

{B-\t,)P){s) = --Y^W{t,)\-^P,Y, 



(3.10) 



f=0 



Summarizing, a fixed complex structure J-p : ^ on the covariant phase space 
determines a one-parameter family of complex structures : P — > P, t G (0, vr), on the 
canonical phase space. Once a time of embedding is fixed, the corresponding complex 



structure Jt^ is fully characterized by the pairs (3.9). The Schrodinger quantization 
associated with time to consists then in a representation of the canonical commutation 
relations in terms of self-adjoint operators in a space of complex-valued functionals 
^ : .y C belonging to a certain Hilbert space ^(to) = L'^i^", d/itg). The functionals 



^Note that the zero mode i — has been included into the spherical harmonic expansion of the 
test functions. The B{to) operator is well defined even for this mode, ultimately as a consequence of 



equation (2.471 verified by the functions, where the squared frequency is positive definite € (0, tt) 
when £ = 0. 
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representing the pure states of the system are, thus, square integrable with respect to 
the measure fitg- Due to the infinite dimensionahty of the quantum configuration space 
^ = it is not possible to define a Lebesgue-type translation invariant measure 
-such a measure does not exists- but rather a probability one, i.e., a measure satisfying 
Jy,, duto = 1- This representation is constructed in such a way that it is associated with 
the state zuto : W{T) ^ C on the Weyl algebra W{T) whose action on the elementary 
observables is given by 

Wt,{W{X))=exp(-^u;{Jt,{X),X)), AG P. (3.11) 



We will check in section |3.3| that the Schrodinger representations corresponding to dif- 
ferent values of the time parameter are unitarily equivalent owing to the unitary imple- 
mentability of the dynamics. We require that the configuration observables are repre- 
sented as multiplication operators, so that for A = (0, /) G P, 

7r.(to) ■ W^(A)|a={o,/) = exp(z4o[/]) , (Qtoim) [Q] = QifMQ] , (3.12) 



where Q G y denotes a generic distribution of y and Q{f) gives the usual pairing 
between y and y, "if G ^Qj^[/] C. J^sito) (the self-adjointness of the configuration 



and momentum operators will be discussed in subsection 3.2), and Hsito) '■ ^(T) 



^{J^s{to)) is the map from the Weyl algebra to the collection of bounded linear operators 



on the Hilbert space =^(to)- The expectation value (3.11) evaluated at A = (0, /) yields 



Wt,iWiX))\,=^oj) = exp Q(/,i?(to)/)) . (3.13) 

The left hand side of this equation corresponds to the vacuum expectation value of the 
ns{to) ■ W{lp) operator, so it must coincide with the integral 

/ ¥^''\eM^Qto[m^o'^) df^tM = [ e^'^^^^d/i.JQ] , (3.14) 



where \E'q°^ G J^s{to) is the normalized vacuum state. Comparing (3.13) and (3.14), we 
finally get 

e^W) d;,, JQ] = exp i?(to)/)) • (3.15) 

In order to interpret this result, let us introduce the covariance operator : P — M 
defined as Ct^ (/,(?) := (/, —B{to)g/2), f,gE 5^ . Since |z£(to)P is bounded and positive 
definite Vt G (0,7r) and V£ G No, it follows that Ct^ is a nondegenerate, positive, 
definite, and continuous bilinear form on the topological vector space 5^ . Now, the 
Bochner-Minlos theorem, which plays a key role in the characterization of measures on 
functional spaces, states [6]: 
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Theorem 3.1.1 (Bochner-Minlos). Let C he a positive continuous nondegenerate bili- 
near form on y ^ y, written symbolically C{f,g) = {f,Cg). Then, there exists a 
unique Gaussian integration measure dfic on y with covariance C and mean zero. 
The corresponding generating function (or Fourier transform) is given explicitly as 
];^.,exp(z0(/))d/xcM = exp(-(/,C/)/2). 

Thus, according to this resuh, we have that fito is the unique Gaussian integration 
measure (with covariance C(to) := —B(to)/2) defined by the covariance operator Ctg. 



The generating function is given in this case by equation (3.15). 



3.1.1 Properties of the measure 

In order to easily visuahze the nature of the measure fito, note that upon restriction 
on any number of coordinate directions in y, say Qi = Q{Yiq), i = 0, 1, . . . ,?t,, we 
obtain 

1 /I - \ - 

^/^*ol(Q,),"^, = n \ze{to)\-^ exp \^--\zi{to)\'^Qjj dQe, (3.16) 



£=0 

in terms of the Lebesgue measures dQi [6]. Now, we will prove that the support of the 
/iff, -measure is smaller than y. Concretely, it is given by the topological dual of the 
subspace of symmetric functions in the Sobolev space if'^(S^) on the 2-sphere, for any 
e > 0. With this aim, we will use some well-established consequences of the Bochner- 
Minlos theorem, closely relying on the analysis developed in [7] . We first point out that 
the space of test functions y is topologically isomorphic to ^ = HreQ '^here 

oo 

<^r := {/ = {fi}r=o I 11/11? := Y.(^+l/2rfl < +00} , 

e=o 

endowed with the Frechet topology induced by the norms (|| ■ ||r)r6Q- As a corollary 
to the Bochner-Minlos theorem, one has that if the covariance Ct^ is continuous in the 
norm associated with some <^r, then the associated Gaussian measure fito has support on 
any set of the form [7] 

00 

{/ I Y,{i + l/2)-2'-i-2e^2 < +00 , e > 0} C U = ^' , (3.17) 
where ^' is the topological dual of In particular, given the asymptotic behavior 



of the ze functions (2.73), it is straightforward to check the continuity in the norm 



corresponding to r = —1/2, i.e., 

00 

{f,C{to)f) < N{to)Y,{i+ 1/2)-' f, 



i=0 



^Here, g e c;' is associated with the hnear functional Lg{f) := X^fco / G ? 
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for a certain constant A^(to) ^ According to this, the measure /ijg is concentrated 



on the set (3.17) for r = —1/2, which can be identified with the topological dual i)'^ of 
the subspace of symmetric functions in the Sobolev spac^ if'^(§^), for any e > 0, 

oo 

i),:={feH^{S') I CJ = 0, ||/|^=^(£ + l/2f7.'<+oo}, e>0, 

£=0 

where fe are the Fourier coefficients of the function /. We then conclude that the typical 
field configurations are not as singular as the delta functions or their derivatives. Note, 
however, that the subset b C of symmetric L^(S^) functions has also measure zero. 
Indeed, consider the characteristic function Xb of the measurable set b, defined by 



lini^ exp l-a'^QU, (3.18) 



i=0 



so that Xb[Q] = 1, for Q G b, vanishing anywhere else. Making use of the restriction 



(3.16) and applying the Lebesgue monotone convergence theorem it is straightforward 



to obtain 



r ~ ~ " 1 

The limit of the product vanishes as n — >■ +oo due to the nonconvergence of the series 
Yl^o ^og{l + 2a\zi(tQ)\'^) , and hence fitoW = 0- Since .5^ b, we have that, as usual for 
a field theory, the /xtg-measure is not supported on the classical configuration space 
This is precisely the reason why a suitable distributional extension of must be chosen 
as measure space in order to construct the space for the Schrodinger representation. 



Finally, note that the Bochner-Minlos theorem (see Theorem 3.1.1] gives the support 
of the measure as a linear subspace of the original measure space. In order to find a 
finer (nonlinear) characterization of this support, one can apply the methods developed 
in [8] for countable products of Gaussian measures. According to that reference, given 
a sequence {A^}, A/; > 1, A; = 1, 2, . . ., the /ztg-measure of the set 

Z,„({Afc}) := {Qg ^' I 3 AT gN s.t. \Q,\ < |z,(to)| V21og A, , for £ > A^} 

is one (resp. zero) if Ylik ^ / ( Afc Vlog A^) converges (resp. diverges). Concretely, this 
condition is satisfied for A^"'' := (1 + £)", with a > 1, whereas it is not verified for the 
same sequence with a = 1. Thus, /^(^(ZtpdA^"^})) = 1 for a > 1, and the measure 
vanishes on the set corresponding to a = 1. 



4This is, 7?^(S2) = {/ e i2(g2) I 11^1,2 ^ 1/2)2^ ^^_,/2„^ < +oo}, whcrc the spherical 

Fourier transform / i-> is defined as Je.„i /s2 f{3)Y i„i{s). 
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3.2 Canonical commutation relations 

Next, we will obtain the representation of the basic momentum observables following 
the discussion developed in [1], adapted here to our definitions and conventions. We will 
realize that both the representation of the momentum operator and the choice of the 
fito measure are interrelated, in the sense that the information on the complex structure 
Jp used to construct the Fock representation is encoded in both of them. We start by 
computing the expectation value 



^to(W^(A))|A=(-,,/) = (^?"1exp(.(4o[/]+AoM))^?"^>,^ 

= exp (l{f,g)) (*?°V^P {^Qtoif]) exp (zAoM) ^?°^> 



where we have used the BCH relation to separate operators. We take the general 
expression 

'Pt,m) [Q] = -t{Dr>m9]-^QiM{to)g)nQ] 



consisting of the expected directional derivative of the functional \E' G ^p^^jg] C ^(to) in 

the direction defined by Q € (this will acquire a definite sense in terms of the modes 
Qi) plus an extra linear multiplicative term. Now, we must determine the expression 
of the new operator M{to) '■ — > ■ Taking into account that for Gaussian measures 
the vacuum state is a constant functional, and using again the BCH formula, it is 
straightforward to obtain 

^to(W^(A))|A=(-,,/) = exp (^(/,^) - ^(^?,M(to)^7)) e^^(^-^^^(*")^)d/i,JQ] 
= exp - \{^g,M{t,)g^ exp ((/, i?(to)/) 



where we have used the generating function definition (3.15) and also the relation 



{M{to)g, B{to)f) = {f,B{to)M{to)g). The left hand side of the above equation can 



be easily calculated by using the expressions (3.8) and (3.11), as well as the relation 

{f,Aito)g) = -{g,C{to)f), 

ti7,„(W^(A))|A=(-,,/) = exp (^i((/,5(to)/) - {9,Dito)g) - 2{f,Aito)g)) 

A simple comparison between the two expressions obtained for ^^^(^^(A)), A = {—g, f) G 
P, leads us to conclude that, for all f,g E y, 

{f,A{to)g) = -i{f,g)+i{M{to)g,B{t^)f), (3.20) 
{g,D{t,)g) = -2{g,M{to)g) + {M{to)g,B{to)M{to)g). (3.21) 
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From (3.20) we finally obtain 



M{to) = B-\to){l-tA{to)) 



whereas (3.21) simply becomes a consistency relation. Therefore, the representation of 
the momentum observable is given by 

7Cs{to) ■ W{X)\x=i-g,o) = exp{iPtM . 

'PM^) [Q] = -tiDQ^M - iQ {B-\t,){l - iA{t,))g) nQ] ■ (3.22) 



Note that the unusual multiplicative term depends both on the measure /Xi^ -uniquely 
characterized by the operator B{to)- and the operator A{to). It guarantees that the 
momentum operator is symmetric with respect to the inner product {■\-).jes{to)- Indeed, 
just by using the Gaussian integration by parts formula 



' {DQ^)[f]df^,M= Qic~\to)m[Q]df^,M, 

.y J.y 



that can be easily deduced from (3.16), we obtain 



-«(io) 



Let us now denote Qe{to) '■= Qto [^^o] and Piito) := i\y [Yeo], where the Qt^ [/] operator has 
been defined in (3.12). By considering the normalization condition (2.48) and equation 



(Islol), we get 



{B-\to){l-tA{to))Yeo){s) 
and, hence, we finally obtain 



Ymis) 



9^ 



(3.23) 



where \I' is a functional of the components Qi. The canonical commutation relations 
[Qeito),Piito)] = t6ii,i')t and [QK^o), Q£'(^o)] = = [A(^o), A'(to)] are obviously 
satisfied on the appropriate domains. 

It is possible to relate the Fock and Schrodinger representations through the action of 
the annihilation and creation operators on wave functionals [1] . Making use of equations 
(3.7) and (3.23), we get 



d 



(3.24) 
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In particular, the vacuum state is given by the unit constant functional (up to multi- 
plicative phase) 

There exists a map VtQ : ^+{Ji^) —>■ J^s{to) that unitarily connects the creation and 
annihilation operators of both representations [6] . Given the annihilation and cr eation 



operators associated with the modes zeYio, be and fej respectively, the expressions (3.24) 



correspond to Vt^ bg and Vt^ bp Vr , respectively. These relations, and the action 



= VtMv on the Fock vacuum state |0)-p G ^+(.^^), univocally characterize the 
unitary transformation V^o- The general procedure that we have followed guarantees 
the self-adjointness of the configuration and momentum operators in the Schrodinger 
representation. Indeed, the self-adjoint operators Qto[f] and Pto[g\ with dense domain 



in the Fock space J^+( Mv) co rresp ondin g to the fixed value t = to (see equation (2.36)) 
are unitarily related to (3.12) and (3.22) through the unitary transformation V^o- 



Finally, the probabilistic interpretation of the models is given by the usual Born 
correspondence rules [9]: Given / G the theoretical probability that a measurement 
carried out in the pure state \Ef at a certain time to determine the value of Q{f) will 
yield a result contained in the Borel set A G Bor(M) for some Q G is given by 

JVf^ A 

(3.25) 

where E^*o\-f^{A) is the spectral measure univocally associated with Qto[f], defined by 
(£''3'o[/](A)^) [Q] = XVf aIQ] ^[0]) with XVf A being the characteristic function of the 
measurable set V/, a := {Q e y \ Q{f) G A} G cr{Cjl{y")). Here, || ■ \\.^i,{to) denotes the 
norm associated with the inner product {■\-).^^{to)- According to this, the measure fito 



admits the following physical interpretation: It defines the probability measure (3.25) 



for the vacuum state \E'o 



(to) 



3.3 Unitary equivalence of Schrodinger representa- 
tions 



Let us consider the symplectomorphism (2.13) 



^-1 



o J 



to 



p, tl > t 



0; 



which implements the classical time evolution from the embedding ito(S^) to Ltii^"^) on 
the canonical phase space. It induces a one-parameter family of states on the Weyl 
algebra: Starting from the initial state w, 

o a 



defined in equation (3.11), the dynamical 
evolution in the algebraic formulation of the theory is given by = Wt^ " " 



(ti,to) 



m 



the Schrodinger picture, with a(t^,tg) : W{T) — > W{T) being the >K-automorphism uni- 
vocally associated with the symplectic transformation T(^ti,to) defined by a{ti,to) " W{X) := 
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W{T(^ti,to)W)- The evolved state tu^^ acts on the elementary observables as 
where the complex structure 



o o J,^ : P 



defines the Schrodinger representatio]:][^.^(ti) corresponding to the time value ti. The 
condition of unitary equivalence of Schrodinger representations corresponding to differ- 
ent values to < ti of the time parameter clearly amounts to demanding the unitary 
implementability of the symplectic transformation T(^ti,to) the J^s{to) representation. 
In that case, Jt^ — Jto is a Hilbert-Schmidt operator in the one-particle Hilbert space 
constructed from Jt^ (or equivalently JjJ, and there exists a unitary transformation 
y{ti,to) '■ '^siio) J^siii) mapping the configuration and momentum operators from 
one representation into the other, in such a way that 



^{ti,to) ^k^o) ^dlto) = PiiU.tQ I Zi)bi{ti) + ai{ti,to I Zi)b],{ti) 



(3.26) 



where 

ae{ti,to\ze) := i(^Zi{to)ze{ti)-Zi{ti)^i{to)j , Pi{ti,to\zi) := i(^Zi{to)^i{ti)-ze{ti)kito)y 

This is precisely ensured by the square summability of the j3e coefficients appearing in 
the Bogoliubov transformation (3.26), exactly the same condition that guarantees the 
unitary implementation of the quantum time evolution in the Fock space ^^{J^). We 
then conclude that the unitarity of the quantum dynamics in the Fock representation 
guarantees the equivalence of the Schrodinger representations corresponding to different 
times to, h- The map V(ti,t„) = V^i U (ti, to) Vto^ relating them is completely characterized 
by the relations (3.26) and the action on the vacuum state \1/q''^ G ^(to), given by 



(ii,to)^0 



(to) 



[Q] = U 



1/2 



i=0 



\zi{h)\ 



exp 



iPi(ti,to I Zi) ~2 



2 Zi(tQ)zi{ti 



(3.27) 



where we have used the fact that bi{to)'^Q°^ 



0, V£ G No, and the expressions (2.48) 



(3.24), and (3.26) to obtain the differential equations verified by this state; name^ 



dV^tao)^^o"^/dQi = -{Htuto I z,)/ze{toMti))Qi%uto)^^o°' , ^ e No . 



(to) 



Equation (3.27) must be interpreted as the limit in the .^(ti)-norm of the Cauchy 
sequence of normalized vectors /„ G e^(ti) obtained by extending the product (3.27) 
to a finite integer n G N. 



^Here, we will make a notational abuse and simply denote the triplet (j^(t), 7r5(t), ^'g*') as J^s(t) 
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The mutual absolute continuity of any two Gaussian measures associated with differ- 
ent times tQ,ti G (0, vr) is also verified, i.e., they have the same zero measure sets. This 
property requires that the operator C{ti) — C(to) is Hilbert- Schmidt [8, 10, 11], which is 
satisfied in our case. Indeed, it is straightforward to check that the sequence 



{\ze{h)\' - \ze{to)\') 



is square summable. In fact, it is possible to show that the equivalence of mea- 
sures is a necessary condition for the unitary equivalence between Schrodinger rep- 
resentations, and that any possible unitary equivalence between them is of the form 

1 /2 

\E' (-^ (d/ifj/dyUij,) exp(zF)\E', with d/iii/d/i^g denoting the Radon-Nikodym derivative 
of /iti with respect to /ito and F being a real functional [12] . 

On the contrary, for the original scalar field ip = ^/-y/sint, for which the time evo- 
lution is not unitary, we get the nonequivalence of the representations obtained for 
different times, and also the impossibility of such continuity. In this case, the mutual 
singularity of measures can be expected, as proved for the vacuum Gowdy model in 
[3] . This typifies the advantage of using the re-scaled fields making the quantum dynam- 
ics unitary, for in this case it is possible to obtain a unique (up to unitary equivalence) 
Schrodinger representation for these models and, as a direct consequence, the mutual 
absolute continuity of the measures corresponding to different times. Neither of these 
properties can be attained for the original variables. In this last situation, even if the 
failure of the unitarity of time evolution and the mutual singularity of measures are not 
serious obstacles for a suitable probabilistic interpretation of the models [3, 13], we must 
face the lack of uniqueness of the representation. 



Note that the map Vtg : ^+{J^) — > ^(to) introduced in subsection 3.2 does not 
connect the configuration and momentum operators of the Fock representation, Qe{t) = 
ze(t)be + zi{t)h\ and Pi{t) = zi{t)hi + Z£(t)bl, respectively, with those of the Schrodinger 
one (except for t = to). However, owing to the unitary implementability of the dynamics, 
there exists also a unitary transformation WtQ(t) : — > J^s{to), such that 

^toit) k Wt;^\t) = ae{t, to I zeMto) + [3e{t, to \ ^^)&l(to) , 
Wt,it)blWi^\t) = Pi{t,to\ze)beito) + cyiit,to\ze)bl{to), 

relating these operators. In terms of the unitary evolution operator on ^ ^(J^), we 
have Wt„(t) = Vt,, U-^{t,to). Finally, given the quantum Hamiltonian ( |2.79[ ) in the Fock 



representation, with dense domain ^Ho{t) ^ '^+{'^v) spanned by the states with a finite 
number of particles, the corresponding operator in the Jifs{to) representation is given by 
WMHoit)W,-\t), 

^^^^^^ K^eito) 4^ 
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modulo an irrelevant real term proportional to the identity. Note, by contrast, that 
the complex independent term appearing in the previous expression is necessary to 
ensure that the operator is self-adjoint. This Hamiltonian is defined in the dense sub- 
space W^to(i)^Ho(t) = {Wto(t)f\f e ^Ho{t)} ^ '^s{to) generated by the cyclic vector 



3.4 Unitary evolution operator 



In this final section we provide a general procedure to obtain the unitary evolution 
operator Ut^{t,t') : ^(to) ^s{to) written explicitly in closed form in terms of the 
field and momentum operators. The strategy that we follow is to generalize the results 
already known for a single harmonic oscillator with time-dependent frequency to a sys- 
tem consisting of an infinite number of uncoupled harmonic oscillators [14,15]. The 
reader is referred to appendix\D\foT a detailed study of these topics. Analogously to the 
one-dimensional case, when the dynamics is unitarily implementable we define the time 
evolution propagator through the relation 



{Ut,{t,t')^)[Q] = / Kt^{Q,t;Q',t')^Q']dfit,[Q' 
Jy 

where a straightforward calculation formally provide^ 
Kt,,{Q,t;Q\t') = Y[V2^\ze{to)\exp' ' 



2 V Zi{to) Ze{to) 



X 



Ke{Qe,t;Q[,t')expi-i dr^9f(r 



with Ki denoting the well-known Feynman propagator ( |D.20 ) associated with the one- 
dimensional oscillator of squared frequency Ki{t) := i{i + 1) + (1 + csc^t)/4, written in 



terms of the Ci{t, t') and t') solutions to the equation of motion (2.47) (see equation 



(D.2) in appendix \D\. These functions are the unique solutions to (2.47) such that 
Ci{t',t') = 1, dtCi(t',t') = 0, Si{t',t') = 0, and dtSi(t',t') = 1. They are given in terms 



of the associated Legendre functions by expressiones (D.51) in appendix\L\ substituting 
uj = + 1). Finally, the term comes from taking normal order in the quantum 

Hamiltonian; explicitly. 



^,Xt) = --{mo)\' + Ke{t)\zM\') 



as 



+ 00 



At first sight, the application of the techniques employed in appendix\^foT the single 
oscillator should allow us to factorize the evolution operator in the form 



?7,„(t,t')=T,;;,(t)i?i„,p(t,t')Tio,p(t') 



(3.28) 



^The reader may wish to compare this expression with equations (D.22) and (D.23I in appendix 
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where, given an arbitrary sequence p(t) = (p£(t))^eNo of solutions to the auxihary 
Ermakov-Pinney equations [16, 17] 

Pi + Ki{t)pi = l/pl , 

the Tp(t) and Rp(t, t') operators are univocally characterized up to phases by their action 
on annihilation and creation operators. 



+ i i ze{to)zeito){peit) 



ze(to)z£(to) 

Pe{t) 
1 



\ze{to)\^Pi{t) beito) 



zi{to)pe{t) blito 



i{z^(to) + l^(to)) sin -fe(t,t')bl(to) , 



and similarly for ^^(to)- Here, we have denoted 



dr 



Nevertheless, even in the case of Uto{t,t') being well-defined as unitary operator, the 
factorization (3.28) is ill-defined. Indeed, the necessary and sufficient condition for 
TtQ,p(t) to be unitary for each value of t is given by 

oo 

Y,\ze{to)z,{to){pe{t) - l/pe{t)) - z]{to)pe{t)\^ < +oo , Vt G (0, tt) . (3.29) 



£=0 



Similarly, it is straightforward to show that i?(Q^p(t, to) is unitarily implementable if and 
only if 



I 2 



(3.30) 



£=0 



The asymptotic expansions (2.73) lead us to conclude that conditions (3.29) and (3.30) 
are not verified and, hence, neither T^^ p(t) nor Rtg^p(t,t') are unitary for those systems. 
In the case of Rtg^pit, f), this conclusion follows readily, irrespective of p{t). For Tt^^piJ:), 
a necessary condition for (3.29) to be satisfied is given by 

oo 

V|p^(t) -l/p^(t)P < +00 ^ lim pe{t) = l, VtG(0,7r), 



i=0 



where we have taken into account the fact that the real sequence p{t) is positive and 
bounded for all t. According to equation (D.12) in appendix this implies se{t,tQ) ~ 
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sinC(t, to) as £ ^ +00, where C(t,to) is a nonzero function whose form we do not 
need to specify. This is in conflict with the asymptotic behavior of Si{t,tQ) for the 
systems under study, given by to) ~ as £ ^ +oc for all t, to ^ (0,7r). In the 
context of the search of semiclassical states for the Gowdy models, the nonunitarity of 
the TtQ^p{t) operator makes it difficult to apply the techniques developed in subsection 



D.3 of appendix [Z)| for a single time-dependent harmonic oscillator. This point will be 
discussed in depth in the conclusions of the thesis, where we will take advantage of the 
unitary implementability of the dynamics in order to define a family of coherent states 
for these systems. Obviously, this does not p revent us from defining other well-defined 
factorizations for Utoit-, t') different from (3.28). A particularly convenient choice is given 
by 



i?i„,p(t,t') nt,At,t')St,,p{t,t') 



with 



A„,p(t,t') := D-o!pW Aop(t') , 

4,p(t,t') :=^i;i(t')5,-yt)f,„,^(t'), 

7^to,p(t, t') := f-^]^{t') Rt^t, t') ftUt') 



in subsection D.2.2 of appendix [I4 in such a way that 



where Dto,p(t) and StQ^pit) are displacement and squeeze operators of the type defined 

biito) 



T^to]pit^t')be{to)Vt,,p{t,t') 



1 + i\ze{to)\ 



2 ( _ Pejt') 
Piit) Pi{t') 



+ iz_ 



2(. Jkit) Pi{t')\7U . 



S^,lpit,t')kito)StUt^t') 



i I ZfXto)ze{to)^^^^ - ze{to)zfXto) ^'^^^^ 



Pe{t) 



Piit') 



+ 



+ iZi{to) zi{to) 



Mt') 
Piit') 



zeito] 



Piit) Piit'Y 
Piit') Piit) , 



Kito) 
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- \ziito)\' (^p|(tO + - |i,(to)|V'(t') 
X sm-fe(t,t')^ be(to) + i ^ze(to)^e(to)pe{t')pi(t') 

- l,'(to)p'(t') - ^l(to) (p^f) + ^) j sin7,(t, t') blito) , 

and similarly for 6j(to)- Here, the solutions pi to the Ermakov-Pinney equations are 
conveniently selected as 



/sint / 4 \ 

P£(t) = y ^ f 7r<^|(cost) + -^2^cost) j , £ G No, (3.31) 

with the asymptotic expansions 

Piit) = + o{\i\~'/') , m = cit)/\i\'^' + o(|£|-^/2) , 

as £ ^ +00. Here, C{t) is a function of time whose form we do not need to spec- 
ify. Recall that the unitary evolution operator does not depend on the concrete choice 



of p. The election (3.31) is motivated by the fact that the usual pi solutions to the 
Ermakov-Pinney equations for Minkowskian free scalar fields evolving in a spacetime 
M X with closed spatial sections are, precisely, p£{t) = l/^/\F\, £ G Z \ {0}. In this 



way, the functions Z£ and z^ (2.73), as well as pi, approach those corresponding to the 
free Minkowskian system at high frequencies, for which the evolution is well defined 
and unitary. It is straightforward to check the unitary implement ability of the above 
transformations in the Hilbert space Jifs{to). 
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Conclusions 



Throughout this thesis, we have studied the hnearly polarized x §^ and S'^ Gowdy 
models coupled to massless scalar fields in a rigorous and self-contained way, paying 
special attention to the mathematical aspects of their classical formulations and exact 
quantizations. Concretely, we have carefully applied modern (symplectic) differential- 
geometric techniques to the description of these dynamical systems. The presence of 
both initial and final singularities, as well as the inhomogeneity and anisotropy of space, 
justify the great interest in these models. Firstly, in Chapter^ we have analyzed their 
Hamiltonian formalism as a necessary first step towards their quantization by gauge 
fixing and deparameterizationj^ After performing a Geroch symmetry reduction and 
an appropriate conformal transformation, these models can be interpreted as (1+2)- 
dimensional gravity systems coupled to a set of massless scalar fields with axial sym- 
metry. As analyzed in this chapter, the description of these models requires a careful 
discussion of the regularity conditions that the metric must satisfy on the symmetry 
axis. These conditions give rise to the so-called polar constraints, which are shown to 
be first class and necessary to guarantee the differentiability of the other constraints 
present in the models. 

An important issue to analyze on this type of cosmological models is the so-called 
problem of time in general relativity. Since there are not preferred foliations of the space- 
time, one has to consider all of them jointly with the aim of satisfying the principle of 
general covariance. As a consequence, the well-known Hamiltonian constraint is directly 
obtained within the canonical ADM formalism of the theory. In the case of a closed uni- 
verse, the time evolution is purely gauge and the Hamiltonian of the system is restricted 
to vanish on the physical phase space. Thus, in order to recover the dynamics, one has 
to apply some ad hoc procedure such as deparameterization, based on a partial gauge 
fixation of the system. Obviously, different deparameterizations give rise in general to 
nonequivalent quantum theories. In our case, by imposing gauge fixing conditions simi- 
lar to those employed in the literature for the familiar 3-torus case, and after a suitable 
series of canonical transformations suggested by very simple gauge transformations ver- 
ified by some natural variables, one arrives at a reduced phase-space description where 
the dynamics of the systems is governed by nonautonomous quadratic Hamiltonians 

^In addition, our study would allow us to follow other roads to quantization such as the viewpoint 
pioneered by M. Varadarajan in [1]. 
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depending on a time parameter t G (0, vr). The function sint in their denominators ex- 
phcitly shows that both initial and final singularities are present in these models. This 
is in contrast with the 3-torus case, where only an initial (or final) singularity appears. 
The usefulness of the deparameterization employed in this text consists in encoding the 
local degrees of freedom of the systems in massless scalar fields evolving in the same 
fixed background spacetime, conformal to the Einstein metric on (0,7r) x so that 
one can apply standard techniques of QFT in order to exactly quantize the models. In 
this context, the time singularities of the metric are described by the time-conformal 
factor, given again by the function sin t, so that the metric becomes singular whenever 
it cancels. 

An interesting feature of both the 3-handle and the 3-sphere models is the fact that 
after deparameterization there are no constraints left, so that they can be completely 
described by the time-dependent Hamiltonian. This is again in contrast with the sit- 
uation for the 3-torus topology where, in addition to the dynamics generated by the 
nonautonomous Hamiltonian, there is an extra U{1) symmetry generated by a residual 
global constraint that must be appropriately taken into account. 

In Chapter \^ we have studied the Fock quantization of the models. Concretely, 
we have focused our attention on the problem of unitarily implementing the quantum 
time evolution. It is expedient to tackle this roblem within the algebraic formalism of 
QFT. As a first result, we have proved the impossibility to get unitary dynamics when 
the systems are written in terms of their original variables, irrespectively of the 5*0 (3)- 
invariant complex structures adapted to the round background used to construct the 
symmetric Fock spaces. This result generalizes the conclusion reached in [2] for the 
3-torus case to the topologies under consideration in this thesis. The lack of unitary 
dynamics could certainly lead us to conclude that the models quantized in this way are 
not physically acceptable. However, one may adopt the point of view proposed in [3] 
and [4] according to which these nonunitary Heisenberg formulations, though patholog- 
ical in other respects, remain physically viable thanks to the fact that some relevant 
quantum observables can be described as self-adjoint operators and, hence, their prob- 
ability interpretations are safe. Indeed, this is the case for the field and momentum 
operators, and also for the quantum Hamiltonian which is self-adjoint for each value of 
the time parameter]^ Nevertheless, it is possible to overcome the failure of dynamics to 
be unitarily implemented by performing a suitable time-dependent redefinition of the 
fields at the Lagrangian level involving precisely the conformal factor sint mentioned 
above. Furthermore, by demanding the unitarity of the dynamics and invariance under 
the 5*0(3) symmetry associated with the background metric, the existence of a unique 
(up to unitary equivalence) Fock representation can be easily proved for these systems. 

It is important to point out that this method, successfully applied to the Gowdy 

^Recall that the dynamics does not generate a one-parameter symplectic group on the phase space 
for these models. Due to this fact, Stone's theorem does not apply and the existence of a self-adjoint 
Hamiltonian is not in conflict with the absence of unitary time evolution. 
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models in order to obtain unitary dynamics, is not of general validity and cannot be 
generalized to other highly symmetric spacetime backgrounds. Consider, for instance, 
the case of a massless scalar field evolving in a fixed de Sitter background. As shown in 
reference [5], it is impossible to find a time-dependent conformal redefinition of the field 
leading to a unitary implementation of the dynamics on any Fock space built from an 
S'0(4)-symmetric complex structure. The ultimate reason that the method employed 
in the Gowdy models does not work in this case is the fact that the time-dependent 
potential terms appearing in the equations of motion after the field redefinitions are not 
as well behaved as the ones that show up in the treatment of the Gowdy models. A 
common situation in this case is that the field ends up verifying a Klein-Gordon equation 
with a tachyonic time-dependent mass term. 

Finally, Chapter has been devoted to the construction of the Schrodinger rep- 
resentation for the 3-handle and 3-sphere Gowdy models, completing in this way the 
quantization of these systems previously performed within the Fock scheme. Here, the 
Hilbert space takes the form of a probability space of tempered distributions on the 
2-sphere, endowed with a time-dependent Gaussian measure, whose support is analyzed 
by applying the Bochner-Minlos theorem. In particular, we have shown that the inter- 
relation between measure theory and representation of quantum operators involves the 
appearance of unusual linear multiplicative terms in the momentum operators. 

It is important in this context to highlight the advantage of using the re-scaled fields 
that make the quantum dynamics unitary. In this case, the Schrodinger representations 
corresponding to different values of the time parameter are unitarily equivalent. This 
guarantees at the same time the mutual absolute continuity of the corresponding mea- 
sures. 

As far as the support of the measure or the unitary implementability of the dynam- 
ics are concerned, the discussions and results obtained for these models are analogous 
to those found for the vacuum 3-torus model in [6] and [7]. It could be argued that 
this similarity is somehow expected owing to the fact that the critical features of these 
systems are determined by their ultraviolet behaviors, and these should not be sensitive 
to the topology of the spacetimes. This argument can be found, for instance, in [8] 
concerning the simplest generalization of Minkowski space quantum field theory to the 
M X spacetime with closed spatial sections. This compactification can modify the 
long-wavelength behavior of the system, but not the ultraviolet one, so that both space- 
times suffer from the same ultraviolet divergence properties. Such statement is clearly 
intuitive, but it is not obvious to what extent it is also true for quantum field theories 
in non-locally isometric spacetimes, like those corresponding to the Gowdy models. In 
this respect, the similarity of the results is probably due to the similar structure of the 
differential equations verified by the mode functions. 

The final issue discussed in this chapter is the construction of the unitary evolution 
operator, written explicitly in closed form in terms of the field and momentum opera- 
tors. Although the resulting operator has been calculated in the restricted context of 
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the Schrodinger quantization, it is clear that this study remains vahd for other faithful 
representations of the Weyl algebra, offering the possibility to explore different choices 
for the quantization of the systems such as the polymer one [9]. 

We will conclude by commenting some open problems and questions that will be 
tackled elsewhere. To this end, let us first probe the existence of semiclassical states 
for the models under consideration. As shown in appendix [!D| the explicit expression of 
the quantum unitary evolution for the single harmonic oscillator as a product of unitary 
operators turns out to be very useful to construct semiclassical states for some relevant 
one-dimensional dynamical systems (including Gowdy-type oscillators). However, there 
are obstructions that arise when dealing with systems of infinite oscillators -particularly, 
the nonunitarity of the Tp{t) operator (see section 3.4 in Chapter^-, making the appli- 



cation of the techniques developed in aj)j>enfe[!D| particularly difficult. In order to avoid 
these difficulties, we will probe an alternative procedure to construct semiclassical states 
that takes advantage of the unitary implementability of the quantum time evolution. 
We start by constructing the analogs of the minimal wave packets of the one-dimensional 
harmonic oscillator (see for example [10]). In what follows, we will assume the use of 
a complex structure Jp such that the dynamics is unitarily implementable on the as- 
sociated symmetric Fock space ^^(Jifp) (see Chapter^. Given a square summable 
sequence C := (C^)£gNo ^ ^^(C) belonging to the one-particle Hilbert space, consider 
the state 

|C)=e-ll^ll^/^exp {^Ceb^^ I0)p, 

where |0)p is the vacuum state, corresponding in this context to C = 0, and ||C|p = 
YliLo Vectors defined in this way appear as coherent superpositions of states with 

arbitrary number of particles. Let U{t, to) be the unitary evolution operator in the Fock 
representation, with to £ (0, tt) being a fixed initial value of the time parameter. We 
can now introduce the annihilation and creation operators in the Heisenberg picture 
corresponding to evolution backwards in time, 

be{to,t) := U{t,to)beU'^{t,to) = ae(t,to\ze)be - Pi{t,to\ze)bl, 
bJ(to,t) := Uit,to)b\U-\t,to) = -peit,to\ze)bi + aeit,to\ze)bl, 

satisfying the Heisenberg algebra for all t, to G (0, vr). Here, and Pi are the Bogoliubov 
coefficients appearing in equation (3.26) of Chapter^ We then evolve the |C) states in 



the Schrodinger picture to obtain 

\C;t,to):=Uit,to)\C) = e-ll^"'/^f/(t,to)exp(f;Q6j) |0)p 

\^=o / 

= e-ll^ll'/2exp(f;Qbl(to,t)) |0;t,to)p 
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1/^/21 



i/2 



Figure 3.1: Asymptotic behavior of the variances of the field and momentum operators 
Qe(t) and Pe{t) in the states \C;t,to), t,to G (0,7r), at high frequencies. These graphics 
can be considered as the hmit of figure D.^l in appendix [!D| when i +oo. 



with be{to,t)\C;t,to) = Cg\C;t,to) , G Nq, and |0;t,to)p := U{t,tQ)\0)p. By defini- 
tion, the one-parameter family of states obtained in this way verifies the Schrodinger 
equation with initial condition |C;to5^o) = |C), and is closed under time evolution as 
well, ?7(t2, ^i)|C; ti, to) = |C;t2,to)- We can now calculate the uncertainties for the field 



and momentum operators in the |C;t, to) states. We easily obtain (see figure 3.1] 



^\C;t,to)Qi{^) = \zi{t)ai{t,tQ\ze) + Zi{t)(3e{t,to\zi) 



A|C;t,io> A(t) = \ze(t)ai{t, to | zg) + zi,{t)(3t,{t, to | zi) 



21 



when 



when 



-oo , 



+ CX) 



where, for fixed values of to, these asymptotic behaviors converge uniformly in t for time 
intervals away from the classical singularities at t = and t = vr. We then conclude that 
the |C; t, to) vectors are states of minimum uncertainty far enough from the singularities. 
They can be used to probe the existence of large quantum gravity effects in several ways. 
For instance, one may construct suitable regularized operators to represent the (3- or 
4-dimensional) metric of these models by using arguments similar to those employed 
in the linearly polarized Einstein-Rosen waves [11, 12] and the Schmidt model [13] (see 
the Ta^/e [7] in the Introduction to this thesis). Calculating the expectation values of 
these operators in the coherent states, one may deduce the additional conditions (if any) 
that the sequences C G £^(C) should satisfy in order to admit an approximate classical 
behavior. In this respect, it would be important to analyze if the metric quantum fluc- 
tuation are relevant for all states. 

In addition, one may proceed as in [14] for the 3-torus case by appropriately pro- 
moting the quadratic invariant Rabcd^^^ R'^'^'^'^ into a quantum mechanical operator. 
According to that reference, one should be able to unambiguously fix the operator order 
by requiring that the expectation values of this quantity in the coherent states exactly 
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reproduce the classical results far from the singularities. In analogy with the results of 
[14] , even if the expectation values in other states (such as linear combinations of coher- 
ent states) give nonclassical results, it is expected that the classical singularities persist 
in all cases. This physical consideration is supported by the purely quantum behavior 
of the uncertainties of the field and momentum operators in the coherent states at the 
classical spacetime singularities. 

As a natural extension of the work developed in this thesis, it would be interest- 
ing to couple gravity to different types of matter, for instance to electromagnetic fields 
[15], and find out if it is still possible to exactly solve the resulting systems. In this 
case, the dynamics is expected to be entirely described by the transverse part of the 
gravitational field and the components of the electromagnetic vector potential coupled 
in a nonlinear way. This nonlinearity should cause an evolution significantly different 
from that of the models in vacuum or coupled to scalar fields. It may be useful in this 
context to follow a classification of solutions similar to the one given in [16] for the 
3-torus case. A fact that will play a relevant role here is the possibility of describing 
again these reduced models in the different Gowdy spatial topologies as field theories in 
certain conformally stationary curved backgrounds. 

Another important issue to study at the classical level is the explicit characterization 
of all observables of these models. The objective here would be to obtain all functions on 
the phase space which have (weakly) vanishing Poisson brackets with the Hamiltonian, 
momentum, and polar constraints, following the general procedure outlined in [17] for 
the vacuum 3-torus case. 

In addition, in order to complete the quantization of the §^ x §^ and S"^ Gowdy 
models, one could perform a discussion similar to the one developed in [18] for the vac- 
uum 3-torus topology in order to prove that the redefinition of the fields involving the 
conformal factor sint is, in fact, the only reasonable one (up to multiplicative constants) 
providing unitary dynamics under the S'0(3)-invariance condition. 

Finally, one can go beyond the Gowdy cosmologies and cover more general dynami- 
cal systems by considering generic nonautonomous quadratic Hamiltonians. These can 
be analyzed from the perspective of some recent works on this subject [19] in which 
Lie systems in quantum mechanics are studied from a geometrical point of view, devel- 
oping methods to obtain the time evolution operators associated with time-dependent 
Schrodinger equations of Lie-type. These techniques may be successfully applied to 
infinite-dimensional quadratic Hamiltonian systems by following a functional descrip- 
tion similar to the one performed in Chapter \^ In particular, the different resulting 
factorizations for the time evolution operators may be especially useful to define alter- 
native families of semiclassical states for these systems. 

The study of the Gowdy models has made a notable contribution to the current 
development of advanced theoretical cosmology. In particular, we want to remark the 
usefulness of the §^ x §^ and S'^ Gowdy models as testing grounds for quantum gravity 
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theories such as loop quantum gravity. Even if the classical Hamiltonian formulation 
is more complicated for these topologies than for the 3-torus case, one finally obtains 
nonautonomous quadratic Hamiltonian systems without extra constraints. This fact 
provides a notable simplification of the quantization process given the unnecessary dis- 
tinction between kinematical and physical Hilbert spaces, which is precisely one of the 
difficulties encountered in the treatment of the 3-torus model. In conclusion, wc expect 
that the reader has convinced himself of the importance of the Gowdy models and other 
symmetry reductions as useful systems to gain valuable insights into the mathemati- 
cal aspects of general relativity and the current formulation of quantum field theory in 
curved spacetimes, as well as to probe the behavior of gravity in its quantum regime. 
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Appendix A 

Symmetry Reduction in General 

Relativity 



In this appendix, the method of symmetry reduction developed by Geroch in [1] 
is generahzed for a nonvacuum 4-dimensional spacetime with a spacehke hypersurface 
orthogonal Killing vector fieldj^ Concretely, we couple gravity to a massless scalar 
field. At the end of this study, we introduce a conformal transformation that provides a 
notable simplification of the equations of motion. Specifically, they become equivalent 
to the 3-dimensional Einstein-Klein-Gordon equations corresponding to two uncoupled 
symmetric massless scalar fields, one of them related to the logarithm of the norm of the 
Killing vector field and the other being simply proportional to the original field. The 
reader will find Chapter 10 and Appendices C and D of reference [2] particularly useful 
in this context. 

A.l Geroch reduction technique 

Let ('•^■'Al, ^^^gab) be a spacetime with an everywhere spacelike and hypersurface 
orthogonal Killing vector field Let M denote the collection of all integral curves of 
called the space of orbits of -an element of M is, therefore, a curve in everywhere 
tangential to We will assume in the following that M is a smooth manifold and can 
be identified with one of the 3-dimensional hypersurfaces embedded in ^'^^A4 which is 
everywhere orthogonal to the trajectories, so that each orbit intersects M in exactly 
one point. The metric that ^^^gab induces on M is 

^'^gab = ^'^gab-X-'Ub, 

where := ^^^gabe, A := ^^^gab^^e > 0. 

Let ^^^Rab, ^^Va and (^^D := (3)^'»K3)v^(3)Vfe be, respectively, the Ricci tensor, the 

^In reference [1], the reader will find a more extensive analysis of the vacuum case than the one 
performed here, allowing the Killing vector field to be either spacelikc or timclike, and not necessarily 
hypersurface orthogonal. 



102 



Appendix A. Symmetry Reduction in General Relativity 



103 



Levi-Civita connection and the d'Alembert operator associated with ^^^Qab- Given a ten- 
sor field on the manifold M, say T"!"''^™';,^...;,^, the metric connection '^^^'W a acts according 
to the formula [2] 

(3)V7 7^ai---am _ (3)„ai , . . . (3) (3) b'l . . . (3) bji (3) „ / (4) /T^a'^'-a^^ 

where '•^-'Va is the Levi-Civita connection associated with the original 4-dimensional 
metric ^^^gab- Note that the indices of any tensor field on M can be raised or lowered 
with either the metric ^^^gab or ^'^^gab- 



We proceed now to calculate the Riemann tensor on M. Let /c" be an arbitrary 
vector field defined on M. Then, 

^'^Vj'^V.K = ^'^g^'^'^gb'^'^gJ^'^V, {^'^ g,^^'^ g^'^V ^h) 
= ^'ha'^'^gb'^'^gc'^'^V.^'^Vsh 

- X~'^'^g/^'^gb'^'^g/ (^^V.e.) e^'^^.h , (A.i) 

where ka := ^'^^gab^^- Next, we antisymmetrize over indices a and h and eliminate 
the derivatives of on the right hand side of (A.I) by using the vanishing of the Lie 
derivative C^k^ = for the second term, and the orthogonality condition = for 
the third one. In this way, we get 

^'^ViJ'^V,]k^ = ^'^g/'^'^gb'^'^gJ^'^Vi,^'^V,]kr 

+ X-'^'^ga'^'^gb'^'^gJ (^^V.^,) ((^V.^s) F 

Since kc is arbitrary, the Riemann tensor ^^^Rabcd of the manifold M is related to ^^^Rabcd 
of '^^'^M. by the analogue of the first Gauss-Codazzi relatioiij^ 

^'^Rabcd = ^'^gi:^'^gbf^'^giJ''^gdf{^'^R„rs + 2X-'{^'^V,Q ((^)v.e.) 

+2A-^ ((^)V,6.) ) . (A.2) 



By virtue of the hypersurface orthogonality of ^""^ we hav^ 

^^^Va^b = \-%^'^Va]\. (A.3) 



2Here, we take the convention 2(") Vf^*") Vbj/cc ^"'i?a&c kd, '■'"^Rab ■= ^"^Racb" {n = 3,4). With 
the aim of obtaining the equation (A.2|, we make use of the identities '-■'^^Rabcd = —''^^Rbacd ~ —^^''Rabdc, 
as well as of the Killing equation ^^^(aib) = 0. 

3Take the expression (-^^Va^b = Sa^Sb'^ {^"^^pQ = -^^'^^e^^^-P'^^'^h.^.^abirC (^"^Vp^,), with 
being the volume form naturally associated with ^'^^gab satisfying '•'^^ Va^^^ehcde = and ^^^Cafjcd^'^^e"^'^'* — 
4!, and make use of the relations (4)g['=i'=2P9^i'] _ g ^^^^ '■^-'eafccdC''^^'' V^'?'' — 0; the last one being a direct 
consequence of the hypersurface orthogonality of 
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We also require the formula for the second derivative of the Killing vector field 

(')V.(^)V,ec = (')i?cA. (A.4) 



Making use of equations (A. 3) and (A.4), we obtain 



Contracting (A. 2) once, using (A. 3) and (A.4), and taking again the hypersurface or- 
thogonality of into account, we get 

We can then enunciate the following theorem. 

Theorem A. 1.1. Consider a system consisting in 4- dimensional gravity minimally cou- 
pled to a massless scalar field (p, so that 



(A.5) 



where denotes the Newton constant. The symmetry of the system implies C^(f) = 0. 
In terms of 3-dimensional quantities, the basic equations of motion are given by 



(3)nA = ^A-i( V C'V.A) ((^V.A) . 



(A.6) 
(A.7) 

(A.8) 



Proof. Indeed, we may rewrite the last relation in (A.5) in the form 

= (=^)n0 + ^A-^(V((^)v.0)(^V.A, 



where we have used the relations '•^•'Va {^^^^^^b(p) = and (A. 3), the first of them being 
a consequence of the vanishing of the Lie derivative £^0 = 0. □ 
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A. 2 Conformal transformation 



Since is an everywhere spacelike vector field, its norm A = ^^^gab^"'^'' is a strictly 
positive function on ^'^^Ai and, hence, the metric 



gab 



A(3) 



gab 



arises from ^^^gab via a well-defined conformal transformation. Denote by Rab, Va and □ 
the Riemann tensor, the Levi-Civita connection and the d'Alembert operator associated 
with the new 3-metric gab, respectively. Recall, in particular, that the action of the 
derivative operators '•^•'Va and Va coincide over scalars. For any scalar function /, we 
have [2] 



where 



1, 



ab .= ^a'-^b) log A - -(')(7a6^')/'^'Vdl0gA 

Similarly, we have the relation between the Ricci tensors 



(A.9) 
(A.IO) 



ub = Rab+ ^VaVbl0gX + -gabg'^'^VcVdlogX 

+ ^ {Va log A) ( Vb log A) - ^gabg"" ( Ve log A) (V, log A) . 
Then, it is straightforward to prove the following theorem. 



(A.ll) 



Theorem A. 2.1. The 4- dimensional system considered in the Theorem A. 1.1 can be 

thought of as 3- dimensional general relativity coupled to two uncoupled symmetric mass- 
less scalar fields 0i := log A and 02 '■= y/lGnGiycf). This reduced model satisfies the 
Einstein-Klein- Gordon equations 



Rab 
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- (V, log A) (V, log A) + StiGm ( V„0) V, 
, □ log A = . 



(A.12) 
(A.13) 



Proof. Substituting f = (p and / = lo g A in (A.9), and using (A. 7) and (A. 8), it is 
straightforward to obtain the equations (A.13). Finally, writing (^^Va^^^V^A in terms of 



quantities associated with the 3-metric gab as in (A.9) and (A.IO), and making use of 
equations (|A.6[), (|A.llD, and (|A.13[), we finally obtain (|A.12|). □ 
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Appendix B 

Symplectic Geometry Applied to 

Analytical Mechanics 



The purpose of this appendix is to introduce the basics of symplectic geometry, 
profusely applied throughout the thesis, and show their usefulness for the description of 
Lagrangian and Hamiltonian classical systems -assumed in what follows to have a finite 
number of degrees of freedom with the aim of simplifying their analysis. The interested 
reader will find extensive studies on this subject in references [1] and [2]. 



B.l Symplectic manifolds 

Let y be a real m-dimensional vector space (m < +00) and uj G A^V a 2-form on 
V . Consider the linear mapping Xu) '■ V ^ V* (with V* the dual space of V) defined as 

Xoj{u) := iuUJ , {iuuj){v) = uj{u,v) , u,veV, (B.l) 

with iuUJ being the inner product of the vector u by u. Let Imx^ and kerx,^ := {u G 

V I iuUJ = 0} be the image and the kernel of Xlo^ respectively. We define the rank of uj, 
denoted rank a;, as the dimension of linxu- This is an even number smaller or equal 
to dim\^. The dimension of the kernel ker^o; is called the corank of u, being denoted 
corankcij. If corank a; = 0, then dim^ = rank a;, and u is said to be nondegenerate, 
regular or of maximal rank. 

We will say that every nondegenerate 2-form u on a real m-dimensional vector space 

V defines a symplectic structure on it. The form u is called symplectic in this case, and 
the pair (V, u) a symplectic vector space. The dimension of V is then an even number, 
i.e., m = 2n for some integer n. It is possible to show that, given a real vector space V 
of even dimension 2n and a 2-form on y, is nondegenerate iff the linear mapping 



(B.l) is an isomorphism, or equivalently, iS u"" := u A . . . Alu {n times) defines a volume 



form on V . 



Let be a smooth (C°°) m-dimensional manifold, and uj a 2-form on M™. The 
rank (corank) of a; at a point x G M™ is defined as the rank (corank) of the form 
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uj{x) G A^(T^M™'). We will say that uj is nondegenerate or of maximal rank if for 
every point x G M™, uj{x) is nondegenerate; in this case, the 2-form ui defines an al- 
most symplectic form on M"^. Then, has even dimension m = 2n and the pair 
(M^'^,a;) is called an almost symplectic manifold. Note that since is a volume form 
on M^" every almost symplectic manifold is orientable. Furthermore, the linear mapping 
Xu^ : X(M2") ^ A1(M2") defined by 

X^{X) = ixoo, XgX(M2"), (B.2) 

is an isomorphism. An almost symplectic form on a manifold M^"^ is said to be sym- 
plectic if it is closed, i.e., duj = 0. In this case, the pair (M^",ci;) is called a symplectic 
manifold^ 

Let {M'^",uj) and (M^",tD) be two symplectic manifolds of same dimension. A sym- 
plectic transformation is a mapping G C°^(M^"; M^") such that (p* u = u, i.e., 

cD(d0(x)Ai,d0(x)X2) = u;(Xi,X2) , 

for all X G M^", Xi,X2 G T^M'^^. The map is a local diffeomorphism; if it is also 
a global diffeomorphism, then it is called a symplectomorphism. In particular, when 
M^" = M^", a symplectic transformation preserves the symplectic form, cffuj = oo, 
and is called a (global) canonical transformation. 

Let (M^", a;) be a symplectic manifold. A vector field X on M^" is called a symplec- 
tic vector field or infinitesimal canonical transformation if its flow consists of symplectic 
transformations. In this case, the following statements are equivalent: (i) A is a sym- 
plectic vector field; (ii) Cx^^ = 0; (iii) ix^^ = d/ (locally) for some function /, i.e., 
d{ixi^) = 0. The equivalence between (i) and (ii) is straightforward to show, given 
the definition of the Lie derivative and the fact that the flow of X, (ft, is a symplectic 
transformation: Cx^ '■= d/dt\t=o{f*^) = liim.t-^o{flu! — uj)/t = 0. The equivalence of 
(ii) and (iii) follows from the H. Cartan formula, Cx = ixd + dix, so that Cx^^ = dixu), 
and the Poincare lemma. We can now prove the so-called Liouville theorem: 

^For systems with infinite degrees of freedom, one must be careful with functional analysis [3]. 
Consider a Banach space £ and let w : £ x £ — > M be a continuous linear mapping on it. Define the 
(also continuous and linear) mapping Xlj where £* denotes the topological dual of £, such 

that £ 9 e 1-^ Xw(c) : Xw(e) • / — uj{e,f), f E £; uj is said to be weakly nondegenerate if is an 
injection, i.e., w(e, /) = 0, V / G £ e = 0; w is called strongly nondegenerate if is an isomorphism. 
Note that, if £ is a finite-dimensional space, the distinction between weak and strong nondegeneracy 
is unnecessary. This is not the case for infinite-dimensional spaces. Let V he a, manifold modeled on 
a Banach space £; a 2-form a> on is called symplectic if: (i) oj is exact, i.e., du — 0; (ii) for each 
point X € V, uJx '■ TxV X TxV R is a, strongly nondegenerate map. If uJx is weakly nondegenerate, 
it is said to be weakly symplectic. Although in this appendix we have restricted ourselves to the study 
of finite-dimensional systems, the main results presented here can be properly generalized for weakly 
symplectic manifolds. 
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Theorem B.1.1 (Liouville). The flow (pt of an infinitesimal canonical transformation 
preserves the volume form cu", Vt G / C M. 

Proof Indeed, since (flu = u hj definition, we have flu"' = iflioj /\ . . . /\ u) = (ffu) A 

. . . A {(p^u) = {(f^ur = □ 

FinaUy, we enunciate the Darhoux theorem, as a consequence of which any two sym- 
plectic manifolds of the same dimension are locally symplectomorphic: 

Theorem B.1.2 (Darboux). An almost symplectic manifold (M^", uj) is symplectic (i.e., 
du = 0) ifj' for each point x G M^" there exists a coordinate neighborhood U with local 
coordinates {x^, . . . such that the symplectic form can be written 

n 

uj = ^dx' A dx"+' 

i=l 

in U. These coordinates are called symplectic or canonical coordinates on M"^^ , and 
will be denoted from now on as = g*, x"""*"* = Pi, 1 < i < n. 



B.2 Hamiltonian systems 

B.2.1 Autonomous Hamiltonian systems 

Let (M^",Ci;) be a symplectic manifold. Denote by JF(M^"') the ring of smooth 
functions C°^(M^";]R), endowed with the structure of an infinite-dimensional M- vector 
space with respect to the basic vector operations of sum and products by real scalars. 
Given a function H G J-'{M'^^), its exterior derivative dH is a 1-form on M^" and, hence. 



there is by virtue of the isomorphism (B.2) a unique vector field Xh '■= Xuj^i^H) G 
X(M2«) such that 

tx^co = dH (B.3) 

called the Hamiltonian vector field associated with the Hamiltonian function H. The 
triplet [M'^"' , UJ , H) is said to characterize an autonomous Hamiltonian system. In view 



of equation (B.3), it is clear that every Hamiltonian vector field on {M'^^,uj) defines an 
infinitesimal canonical transformation]^ This is the more general geometric framework 
for the description of time-independent classical Hamiltonian systems; in this context, 
M^" is identified with the phase space of the system and each point x G M^" represents 
a possible (pure) state. Once a point xq of this space is fixed as an initial state, the 
dynamical trajectory of the system is simply given by the (unique) integral curve of the 



^In general, however, an infinitesimal canonical transformation X on M^" does not define a Hamil- 



tonian vector field, since an equation of the form (B.3 1 is not necessarily satisfied globally. Nevertheless, 
there will be a neighborhood U for each point x S M^" and a function H in U such that X = Xh in 
U. Owing to this fact, any infinitesimal canonical transformation is said to be locally Hamiltonian. 
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Hamiltonian vector field Xh crossing that point. 



Take canonical coordinates {q\pi) in (M^",a;) and consider the isomorphism Xw '■ 
X G X(M2'^) h-> xU^) = ixi^ e A^M^". It is straightforward to check that xUd/dq') = 
dpi, Xuj{d/dpi) = -dq\ so that xZ^i^Q') = ~d/dpi, xZ^i^Pi) = d/dq\ From the 
previous equations, we deduce that given a vector field X on M^" with local expres- 
sion X = X'^d/dq^ + X^d/dpi (in the following formulae we will implicitly assume 
summation over i), then Xaj(Ar) = — XMg* + X^dpi. Similarly, given a 1-form a on 
M^"- locally given by a = a^dg* + aidpi, then xZ^i^t) = oad/dq^ — aid/dpi. Since 
dH = {dH / dq^)dq^ + {dH/dpi)dpi, we obtain 

The time evolution (in the Heisenberg picture) of any observable / G J-'(M^"') is then 
given by / := Cx„f ■ Note, in particular, that for an autonomous Hamiltonian system 
the Hamiltonian if is a first integral, i.e., it remains constant along every curve solution 
of the system (indeed, CxgH = 0). 



Let a : I = (— e, e) M^", e > 0, be an integral curve of Xh, i.e., X/^|o-(t) = cr{t), 
t G /; in local coordinates, a{t) = {q^{t),pi{t)), &{t) = {dq^ / dt)d / dq^ + {dpi/ dt)d / dpi 
(sum over i). Making use of (B.4), we finally get the so-called (canonical) Hamilton 
equations 

dq^_dH_ djH_ OH 
dt dpi ' dt dq^ 



1 < i < n . 



(B.5) 



B.2.2 Poisson bracket 

Let {M^"',uj) be a symplectic manifold. The Poisson bracket of two functions f,g E 
J^(M2") is defined as 

{f,9} ■= ^{Xf,Xg) = {ixfUj){Xg) = ixjxf^, (B.6) 

where Xf and Xg are the Hamiltonian vector fields associated with the functions / and 
g, respectively. Since {ixfUj)(Y) = {df)Y, then u{Xf,Y) = Y{f). In particular, choos- 
ing Y = Xg, we get CxJ = Xg{f) = cu(X^,X,) = {f,g}. 

The Poisson bracket satisfies, for all f,g,h G JF(M^"): (i) {f,g} = —{g,f}', (ii) 
{f,9h} = {f,g}h + g{f,h}; (iii) {f,{g,h}} + {g,{h,f}} + {h,{f,g}} = (Jacobi 
identity), as a result of the fact that u is exact; (iv) {af,g} = a{f,g}, Va G M; (v) 
{/ + g,h} = {/, h} + {g, h}. This operation turns the real vector space JF(M^") into a 
Lie algebra with the Poisson bracket as the product. By virtue of the Jacobi identity 
(iii), it is immediate to check that X^fgy = —[Xf,Xg], f,g E ^(M^"), where we have 
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defined the Lie bracket [X,Y]{f) := X{Y{f)) -Y{X{f)), X,Y e X{M^^), i.e., the map 
/ I— i> Xf associating to / its corresponding Hamiltonian vector field Xf takes Poisson 
brackets of pairs of functions to Lie commutators of vector fields. 



Taking canonical coordinates {q'\Pi) in M , and making use of (B.4), the Poisson 



bracket (B.6) is given by 



n , 



d]_dg_ _ df dg 
dq" dpi dpi dq^ 



(B.7) 



In particular, we obtain the Poisson brackets of the canonical coordinates, 
{q\q^} = {p„Pj} = 0, {q\p^} = Si, l<i,j<n. 



Furthermore, Hamilton equations (B.5) can be rewritten as 

dq' 



dt 



{q\H} 



dpi 
dt 



{Pi,H} , 1 <i<n. 



(B.8) 



It is easy to show that the Poisson bracket is invariant under the action of a canonical 
transformation : M^" M^", i.e., (p*{f,g} = {f,g}o4>= {/ o 0, 5' o 0} = {0*/, 4>*g}- 
As a consequence, canonical transformations preserve the form of the Hamilton equations 
(B.8). Indeed, if : {q\Pi) — * {q\Pi), where {q\Pi) and {q\Pi) are canonical coordinates, 

dg' 



we have 



with H :- 



<P*{q\H} 
<P*{Pi.H} 
b*H = Hod 



{q'o(j),Ho<j)} = {q\H} 
{pi o(f),H o(f)} = {pi, H} 



dt 
dpi 

dt 



1 < i < n . 



B.2.3 Cosymplectic manifolds 

Let \^ be a (2n+l)-dimensional real vector space, rj e A.^{V) a 1-form, and u G A^(V^) 
a 2-form on V, respectively. The triplet {V,r],uj) is called a cosymplectic vector space if 
T] A u"' ^ 0. Consider the linear map Xr],u) : V ^ V*, where V* denotes the dual space 
of V, 

This map defines a linear isomorphism iff: (i) {V, t], u) is a cosymplectic vector space in 
the case when dim\^ is an odd number, or (ii) {V, uj) is a symplectic vector space in the 
case when V is even dimensional. Therefore, as for a cosymplectic vector space (V, rj, u), 
there exists a unique 71 E V, called the Reeb vector of the cosymplectic vector space, 
such that r]{7l) = 1 and i-TiUJ = 0, i.e., TZ = X^,i>(^)- 
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Let M^"+^ be a smooth (2n+l)-dimensional manifold. M^""*"^ is said to be an almost 
cosymplectic manifold if there exist r] G A-'^(M^"+^) and u G A'^{M^"'~^^) such that, for 
all X G M^"'^-'^, the triplet (Ta;(M^"+^), r/^;, cUx) is a cosymplectic vector space. If the 
p-forms T] and cu are also closed, M^""*"^ is called cosymplectic. 

Let (M^""*"^, ?7, a;) be an almost cosymplectic manifold, TZ its Reeb vector field, and 
Xr],u} '■ 3£(M^"+^) — >• A^(M^"'+^) its corresponding isomorphism. Denote by JF(M^""'"^) 
the ring of differentiable real functions on M^"+^. By virtue of the isomorphism Xv,uj: 
every function / G ^(M^"'+-'^) has a unique associated vector field Xf G 3£(M^"'+^), 
called the Hamiltonian vector field with energy function f, defined by 



Clearly, this construction generalizes the one corresponding to Hamiltonian vector fields 
on symplectic manifolds. The evolution vector field associated with / G ^(M^"+^) is 
given by 



Let (M^"+^, ?7, cj) be a cosymplectic manifold. It is then possible to define a Poisson 
bracket on J^{M^''+'^) by {f,g} := u;{Xf,Xg) = CxJ, with f,g e T{M^''+^). In this 
way, note that Ef{g) = n{g) + {gj}, g e r{M^^+'). 

B.2.4 Nonautonomous Hamiltonian systems 

Let (M^", uj) be a 2n- dimensional symplectic manifold. Consider the product mani- 
fold R X M^" and denote by tt : R x M^" M^" the canonical projection 7r(t, x) ^ x 
on the second factor, where i G R and x G M^", with t being a global coordinate on 
R. Define a) := 7r*u; and rj :— dt; then, the triplet (R x M^"',di, a;) is a cosymplectic 
manifold. 

Take a function H G J^(R x M^") with G X(M x M^") being its associated 
Hamiltonian vector field, univocally characterized by the relations 



where we have taken into account that the Reeb vector field is given in this case by 
d/dt. The 4-tuple (R x M^", di, a), iJ) is said to define a nonautonomous Hamiltonian 

system. It provides the proper geometric description for the generalized phase space of 
a time-dependent classical Hamiltonian system. Let {q\Pi) be canonical coordinates in 
M^"; {t, q\pi) are then the induced coordinates in M x M^". Since uj = ^"^^ dg* A dpi, 
a) takes the same expression, a; = S"=i dq'* A dpi. The corresponding evolution vector 
field (see the figure B.l) is given by 



X."i(d/ - 7^(/)77) ^ ix,r) = , ix.uj = d/ - n{f)r^ . 



Ef:=n + X 



ixhCo ^dH - 



dH 
~dt 



dt , ix^dt = , 




(B.9) 
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Figure B.l: Evolution vector field Eh corresponding to the Hamiltonian function H. 



It is important to highlight that, by introducing the (closed) 2-form on M x M^"' 

uh ■.= ^ + dH Adt, (B.IO) 
Eh is the unique vector field on M x M^" satisfying 

iEH^H = , iEndt = 1 . 



Note that the 2-form (B.IO) has the feature that the time parameter t plays a role analo- 



gous to the one played by the generalized coordinates q\ but with minus the Hamiltonian 
as its associated canonical conjugate momentum (see the next section for a definition of 
these concepts). 

The integral curves of Eh, in local coordinates a(t) = {a{t) , (t) , pi{t)) , &{t) = 
Enlait), satisfy the equations da/dt = 1, i.e., a(t) = t + c, c G M, and 



1 < i < n . 



The above relations are called the Hamilton equations for the nonautonomous Hamilto- 
nian H. Here, Ce„H = dH/dt ^ and, hence, the energy is not a constant quantity 
for this type of (dissipative) systems. 



B.3 Autonomous Lagrangian systems 

Let ^ be a n-dimensional manifold and (T^, r<^,'^) its tangent bundle, with r<^ : 
^ being the canonical projection; this is the so-called phase space of velocities 
associated with the configuration space ^. Taking local coordinates in ^, let (g*,f*), 
1 < z < ra, be the induced coordinates in (i.e., any vector X can be expressed 
X = ^"=1 ^^(^/^g*)). Consider an (autonomous) Lagrangian function L G J^(T^). We 
introduce the following associated (closed) 2-form on T^, 



ujl := -ddjL , 
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where J denotes the canonical almost tangent structure on T^, locally given by J 
{d/dv"^) ® (dg*), and dj is the vertical differentiation on T'^, in local coordinates djL 
Y.tii9L/dv')dq\ with dj{dq') = dj{dv') = 0. Thus, locally, 



E 



-dq' A dq^ + -— — dg* A dv^ 



dq^dv^ 



(B.ll) 



The form ul is a symplectic form on iff the Lagrangian function L is regular (or 
nondegenerate) , i.e., iff the Hessian matrix 



is invertible (of maximal rank) for any coordinate systemjj (g*, f '). Otherwise, the func- 
tion L is said to be singular. 



We define the energy function associated with the Lagrangian function L by 

El:=C{L)-L, (B.12) 

where C denotes the Liouville vector field on T^; in terms of the induced coordinates, 
it is given by C = v'^{,d/dv^). Consider now the equation 



ix^^L = dEL . 



(B.13) 



If L is a regular Lagrangian function, then equation (B.13) admits a unique solution 
X = (for u)L is symplectic) called the Euler- Lagrange vector field. Furthermore, this 
field is a second order differential equation, i.e., JC,l = C, so that it can be written 



1=1 



^ dq^ ~'~ ^ 



(B.14) 



Let c(t) = {q\t),(f{t)) be an integral curve of with c{t) = (g(t)) its projection 
in 'tf (the dot denotes time derivative). According to (B.ll )-( i3.14[ ), c{t) verifies the 
Euler-Lagrange equations 



dL _ d fdL\ 
dq^ dt \dqy 



0, 1 < i < n. 



(B.15) 



Let L G JF(T^) be a Lagrangian function. Fix two points qi, q2 of ^ and some 
interval [a, b] C M. We define the path space from qi to q2 by 

12, [«, b]) ■= {c : [a, 6] — ^ I c is a C°° curve, c(a) = qi, c{h) =52}- (B.16) 



•^Indeed, under this assumption uj^ = cdct{d'^L/dv^dv^)dq^ A ... A dg" A dv^ A ... A dw", c G M+, 
becomes a volume form for T*^. 
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It can be shown that (B.16) defines a smooth infinite-dimensional manifold. Consider 
the map J : Q{qi,q2,[a,b]) ^ M. given by 

J(c) = 



dtL{c{t)), c e Q{qi,q2,[a,b]) 



where c{t) = {q{t), q{t)) is the natural prolongation to of a curve c{t) = in 
In this context, and are called generalized coordinates and velocities, respectively. 
Then, we can state the well-known variational principle of Hamilton [2] , which becomes 
the main result of Analytical Mechanics is terms of calculus of variations: 

Theorem B.3.1 (Hamilton's variational principle). Let L G J^{T^) be a Lagrangian 
function and Cq G Q{qi,q2,[a,b]) a smooth curve joining qi = Co(a) to q2 = Co(fo); 
Co satisfies the Euler-Lagrange equations (B.15) iff it is a critical point of the function 
J : Q{qi,q2, [a,b]) — >■ M, i.e., dJ(co) = 0. For regular Lagrangian functions , this condition 
amounts to demanding that cq be an integral curve of the field C,l- 



The Euler-Lagrange equations (B.15) may be written 



n . 



where we have defined 
dL 



Qqi Z-^ dq^dq- 

7 = 1 



dcfdq^ 



1 < i,j < n . 



Note that the generalized accelerations (g*) at a given time are uniquely determined as 
functions of the generalized coordinates and velocities {q\ g*), provided that L is regular. 
This is not the case for singular Lagrangian systems. 



B.3.1 Legendre transformation 

Let (T**^, TT^, be the cotangent bundle of the configuration space ^, with ir^g- 
being its canonical projection; this is the so-called phase space (of momenta) associated 
with Let {q^,Pi), 1 < i < n, he induced coordinates on T*^ (i.e., every 1-form 
a takes the local expression a = Y17=iPi^^^)- "^^^ manifold T*^ is endowed with a 
natural symplectic form, 

n 

w^:=^dg^Adp,, (B.17) 

i=l 

SO that the induced coordinates on T*^ are canonical. As a concrete example, the phase 
space of a simple pendulum is given by the cotangent bundle of x M, with pairs 

{9,pg), 9 G S^, po G M; the symplectic form is simply given in this case by a; = d6' A dpg. 
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We will analyze now the relation between the Lagrangian formulation on and a 
suitable Hamiltonian formulation on T*^. Consider a regular Lagrangian function L e 
J^{T^) and let and {q\pi) be induced coordinates on T'^ and T*^, respectively. 

For each tangent vector v G T^^, x G let us introduce the natural identifications 
(isomorphisms) ip, : T,^ T,(T,^), ifl : T^^ T;(T,^), given by 



^^{{d/dq' 



id/dq%, ^liidq' 



{dq' 



(B.18) 



Denote by : T^'t^ — >■ M the restriction of L to T^.^. The Legendre transformation (or 
/i6er derivative) determined by the Lagrangian function L is the mapping Leg^ '■ T"^ — > 
T*^ such that 

LegL{v) := {vir\dL^{v)) . (B.19) 



Thus, from (B.18), we have 

LegL{q\v' 



iq\p,) = iq\dL/dv' 



It follows that lul = {LegL)*uj-:^, with the 2-forms lul and u-:^ given by (B.ll ) and (B.17), 
respectively. The Legendre transformation (B.19) defines a local diffeomorphism iff L is 
regular. In particular, L is said to be hyperregular if Legi is a global diffeomorphism. 



Let c(t) = {q(t)) be a smooth curve on and c(t) = {q(t),q{t)) its natural pro- 
longation to T^. Along c, we have = dL/dq^; in this context, Pi is called the 
momentum canonically conjugate to q\ 



Consider a hyperregular Lagrangian function L G JF(T'^) and define its associated 
Hamihonian if : T*^ ^ M by 

H:=Elo Legl^ . 

Let X// be the corresponding Hamiltonian vector field. Then, {LegLl^ii = Xh- The 
integral curves of are mapped by Legi onto integral curves of satisfying the 



Hamilton equations (B.5) corresponding to H. Furthermore, these curves have the 
same projections on . The Lagrangian and Hamiltonian formalisms are, thus, globa- 
lly equivalent in the hyperregular casej^ being transformed one into the other by the 
Legendre transformation. 



B.3.2 Dirac-Bergmann algorithm 

If the Lagrangian function L is singular (i.e., degenerate or non-regular), Leg^ does 
not define a local diffeomorphism. Let us assume by hypothesis that the image Tp := 
LegiiT'^) C T*^ is an embedded submanifold of T*^, called the primary constraint 
surface, and that the rank of the Hessian matrix [d'^L/ dv^dv^) is constant and equal 



''This equivalence is just local for regular functions. 
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to -R = n — M on . Then, there are M = n — R independent equations, called the 
primary constraints, that locally describe the {2n — M) -dimensional surface Tp, 

<pm{(l',Pi) = 0, l<m<M. (B.20) 

These relations directly follow from the definition of the conjugate momenta, in the 
sense that when the momenta pi are replaced by their definitions pi = dL/dqi in terms 
of generalized coordinates and velocities the previous equations are identically satisfied. 



Given the energy function associated with L, the map Legi projects a func- 
tion h on Tp such that h^Legi^x)) = E^ix), W x e T^. If H is an arbitrary extension of 
h to T*^, all the Hamiltonian functions of the form H = + X]m,=i with be- 

ing Lagrange multipliers, are weakly equaj^on Tp, i.e., H ^ H ^ h. The corresponding 
equations of motion are given by 

= Cx^{q') = {q\H}, (B.21) 

Pi = Cx^ip^) = {p^,H}, l<^<n, (B.22) 

0m = 0, l<m< M , (B.23) 

i.e., 

F = Cx^{F) = {F,H}, 0^ = 0, l<m<M, (B.24) 

for any function F G JF(T*^), where X^j is the Hamiltonian vector field of H. We 
clearly see that there is an ambiguity in the description of the dynamics, characterized 
by the multipliers m"*, 1 < m < M; by using them, it is possible to define an invertible 
mapping from the 2n- dimensional phase space of velocities to the 2n-dimensional 
Tp X {u^} space, 

BT 

q' = q\ P^=gT:iq',f), u"^ = {q\ q^) , 1 < t < n, l<m<M, 

with inverse transformation 

q' = q\ q' = ^+u"'^. (t>m{q\p^) = ^, l<i<n, l<m<M. 
opi dpi 

A basic consistency requirement for the dynamics is that the primary constraints be 
preserved under the time evolution. That is, given an initial condition {q^,Pi) in Tp, the 
dynamical trajectory should remain there at later times. We thus impose ~ 0, 

Vm, so that Xj^ is tangential to Tp, 

+ ^0, l<m<M. (B.25) 



function / defined in the neighborhood of Tp is said to be weakly zero if its restriction on Tp 
vanishes, /|rp =0. This condition is usually denoted as / ~ 0. 
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For inadmissable Lagrangian functions (for instance, L = q — q), these relations will be 
inconsistent (in the previous example, H = q, (f) = p — 1, so that 1 ~ 0). The vanishing 
of (B.25) can yield two types of consequences: (i) some of the arbitrary functions u"^ is 
determined or (ii) a new independent constraint arises. The new constraints so obtained 
are called secondary constraints; they are consequence of the definition of the momenta 
and of the equations of motion as well. Again, the secondary constraints should be pre- 
served under the dynamics, so we must impose new consistency conditions. This process, 
called the Dirac-Bergmann algorithm [4], is iteratively applied until a final surface de- 
fined by primary and secondary constraints is obtained, where consistent solutions exist. 
A different classification of constraints is introduced at this point, playing a central role 
in the theory of constrained dynamical systems; namely, a constraint function is said to 
be of first class if its Poisson brackets with all the remaining constraints weakly vanish. 
Otherwise, it is said to be of second class. In the next section we will focus on purely 
first class systems, where all primary and secondary constraints are of first class, since 
this is the situation of interest in this thesis. 



B.4 First class constrained manifolds 

Let \^ be a finite-dimensional vector space, u E A'^V a. 2-form, and K a subspace of 
V. The subspace := {u E V \ u{u, v) = 0, W v E K} is called the orthocomplement of 
K in V with respect to u. Given a vector v E V, we define := {u E V \ lu{ u, v) = 0}. 
One has: (i) kerx^ = V-^, which implies corankcu = dim^^-*- -see equation (B.l)-; (ii) 
dimV^ -|- dim(V""'" fl K) = dimi^ + dimi^"*-; in particular, if is a symplectic form, then 
diml^ = dimK + dimi^"-*- . 

Consider a symplectic vector space (y,u!). A subspace K C V is said to be isotropic, 
resp. coisotropic, resp. Lagrangian, resp. symplectic in V if K G K^, resp. K-^ C K, 
resp. i^T is a maximal isotropic subspac^of (y,uj), resp. K fl = 0. 

Let {M'^"',uj) be a symplectic manifold. A submanifold K C M^" is called isotropic, 
resp. coisotropic, resp. Lagrangian, resp. symplectic in (M^",a;) if, for each x E K, 
T^K C {Tr^K)-^, resp. {T^K)-^ C T^K, resp. i^T is a maximal isotropic submanifold of 
M^"', resp. [T^K) n (T^K)-^. Here, (TrcK)-^ denotes the orthocomplement of T^K in 
T^-M^" with respect to uj{x) E A^{T^M'^'^). If K is isotropic, then dimK < n; if it is 
coisotropic, dimif > n, and if it is Lagrangian, dimi^' = n. 

A set of smooth functions fi, . . . , fk E J^i^M^"-) is said to be independent if the co- 
rresponding Hamiltonian vector fields X/^, . . . , X/^. are linearly independent (or equiva- 
lently, if the 1-forms d/i, . . . , dfk are linearly independent). It is then possible to prove 
the following theorem. 

Theorem B.4.1. Let K be a {2n—k)- dimensional submanifold of M"^^ , locally defined by 
the independent functions fi = ■ ■ ■ = fk = 0, k < n. K is coisotropic iff {fi, fj} = on 



^This amounts to demanding K — 
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K , for all 1 < i, j < k. This implies that there exist functions ti/ on M^", 1 < "^,7, ^ < k, 
called structure functions, such that {fi, fj} = Yl^=iW fi- 

We can reformulate this result by saying that K is coisotropic iff the functions /«, 
I < i < k, weakly commute, {fi, fj} ~ , Vi, j. A coisotropic submanifold corresponds 
to a fist class constrained manifold in Dirac's terminology, the fi functions being first 
class constraints in this context. If (f : K ^ M^" denotes the embedding, then the 
symplectic form u induces a 2-form u on K, u = (p*LJ, whose rank will be assumed 
to be constant along K. Let Xf. be the Hamiltonian vector fields corresponding to 
the functions fi] these fields are linearly independent and tangential to K by defini- 
tion. Note that, since the exterior derivative commutes with the pull-back action, the 
induced 2-form is closed, although possibly degenerate. The pair {K, uj) is said to define 
a presymplectic manifold. In fact, it is possible to show that the induced 2-form Co is, 
in this case, maximally degenerate (ranka) = 2n — 2k), with its kernel generated by the 
Xf- vector fields. 

At each point x & K, the vector fields Xf^ span a /c-dimensional subspace Qx C 
Tx{K), assumed to vary smoothly with x in the sense that for each x ^ K there exists 
an open neighborhood U 3 x, such that, in U , Q is generated by C°° vector fields. 
Denote by Q the collection of subspaces Qx- According to the Frobenius integrability 
theorem, Q possesses integral submanifolds -i.e., through each point x & K we can find 
an embedded submanifold S such that the tangent space to this submanifold at each 
y E S coincides with Q- iff Q is involutive, i.e., [Yi, Y2] G Q, V Yi, Y2 G Q. This is precisely 
our case, since by virtue of the Jacobi identity, [Xf-,Xf ] = —X^f-j.y = —Yl^=i'^i/-^fn 
with the structure functions defined as in Theorem \B.4-l Vector fields in Q are called 



constraints vector fields. As Dirac pointed out, motion along these directions corre- 
sponds, within the context of the analysis of constrained dynamical systems, to gauge 
transformations of the physical system, i.e., transformations that do not alter the phys- 
ical state of the system [5, 6]. 

One can recover a symplectic form from the degenerate O by taking the space of 
orbits of the gauge diffeomorphisms := K/Q (this is possible because Q is integrable 
and Cxf w = ^ Cxt = 0), called the reduced phase space. As a different alterna- 
five, one can also proceed to perform a gauge fixing process by defining a global section 
Tg 'Z K intersecting the gauge orbits on K once and only once (see the figure B.2). 
The number of independent gauge fixing conditions = describing Tq together with 
/j = 0, 1 < i < fc, must be equal to the number k of (independent) first class constraints. 
The type of intersections mentioned above is locally guaranteed if [6] 

det[{a,/,}] ^0 (B.26) 

on the gauge surface Vg. We may then restrict ourselves to states lying on that sur- 
face, with the pull-back of the 2-form uj being nondegenerate. It should be taken into 
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Gauge surface Ci=0=f.j 



Figure B.2: Gauge fixing surface Ci = = fi intersecting the gauge orbits once and 
only once. 



account, however, that such a global cross-section need not always exists, depending on 
the geometry of the constraint surface and of the gauge orbits. This problem is usually 
referred to as the Gribov obstruction. In such a situation, even if the local condition 
(B.26) is fulfilled, the gauge surface would intersect some orbits (at least) twice, or would 
not intersect some others. 
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Appendix C 

Mathematical Structure of Physical 

Theories 



In this appendix, we briefly revise the algebraic formulation of (classical and quan- 
tum) physical systems in terms of C*-algebras. In our opinion, in the case of atomic 
systems, this description is actually better motivated than the usual Dirac-von Neu- 
mann axiomatic structure of quantum theory [1], which becomes nearly inevitable in 
this context -except for the so-called measurement problem and the reduction of the 
wave packet, concerning the interaction between the quantum system and the measuring 
apparatus, which will not be analyzed here. For a more detailed study, the reader is 
strongly suggested to consult the bibliography given at the end of this appendix and 
references therein. 



C.l Observables and states 

In any physical system it is necessary to properly distinguish between the measuring 
instruments and the objects on which the measurements are performed [2]. Denote by 
Q the measuring apparatus properly prepared into definite initial conditions and by uj 
a preparation state of the object under studyj^ Suppose that we perform N replicated 
measurements of uj by the instrument Q, in such a way that the measured value q G 
Dq C M is obtained n{q) times. For simplicity, Dq is assumed to be a discrete set. Of 
course, it is possible to reformulate this analysis in terms of continuous random variables 
and their associated probability density functions. Nevertheless, it suffices to consider 
the discrete version in order to explain the concepts of observables and states of a system 
in a simple way. The foundations of experimental physics assume the existence of the 
limit of the ratio n{q)/N as N +00, 



^It is still under discussion if the word state refers to an individual system or an ensamble. This 
topic is beyond the scope of this appendix. 
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interpreted as the probability that the physical measurement of Q has the value q in 
the preparation state uo. By definition, this quantity satisfies the usual probabilistic 
properties 

P«(g)G [0,1] and 5^P,«(g) = l, 

<? 

where the sum must be extended over all possible measured values q. Clearly, if for 
all preparation states uj and experimental results q one obtains the same probabilities 
fS^il) = P^^il) for t'wo different instruments Qi and Q2, then they must be identified 
since they measure the same physical quantity. This introduces an equivalence relation 
between the measuring instruments; the set of all equivalent classes is denoted by O 
and its elements are again identified by the letter Q, being called the observables of 
the system. Similarly, two preparation states ui and U2 cannot be distinguished by any 
measurement if the relation P^^{q) = P^ii^) holds for all Q and q. Again, this defines 
an equivalence relation called a state of the system, also denoted by uj. 

Given a real function / : M — M and two observables Q, Q' G O, if for all states u 
and measured values q' the equation 

q-fiq)=q' 

is satisfied, then the observable Q' is said to be a function of Q, being denoted as 
Q' = f{Q)- Foi' instance, /(g) = cq defines a rescaling of the apparatus by c G M. Note 
that Q and Q' are then simultaneously measurable observables, since that by measuring 
Q the experimental value of Q' is known at the same time. More generally, consider 
a finite set of simultaneously measurable observables {Qk}k=i^ of them functions of 
a single observable Q E O, i.e., Qk = fk{Q), {k = 1, . . . ,n). The joint probability of 
getting the values {qk}k=i when these observables are measured for the state uj is given 
by 

g-fk{q)=qk,k=i,...,n 

A (non necessarily finite) set of observables C C O is said to be a full system of compa- 
tible simultaneous measurable observables if the following three conditions are verified: 
(i) Any finite number of observables belonging to C can be expressed as functions of a 
(probably non-unique) observable Q E C; (ii) any function f{Q) of Q G C is in C; (iii) 



the joint probability (C.l) is independent of the observable Q in terms of which the Qk 



observables can be written. 

The expectation value of an observable Q G O in the state uj, denoted uj{Q), is 
defined as the average over the results of measurements 

uj{Q):=J2lPSiQ)- (C.2) 
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Obviously, the state a; is fully characterized by all the expectation values uj{Q) as Q 
varies over O. Taking into account that, for simultaneously measurable observables, the 
relation 



is verified, we conclude that any state of a physical system can be interpreted as a real 
linear functional on the set of observables O. In addition, this functional is positive, 
since that uj{Q) > for any positive observable Q & O, i.e., an observable for which all 
the results of measurements are positive real numbers; Q is then of the form Q = Q^, 
Q E O. Note that, by definition of observables and states, uj{Qi) = uj{Q2) for all states 
uj implies Qi = Q2 (the states separate the observables), and conversely u!i{Q) = u!2{Q), 
^QeO, imphes uji — 102 (the observables separate the states). 

Finally, it is important to distinguish between two disjoint classes of states, the 
so-called pure and mixed states, the first of them being states that cannot be expressed 
as nontrivial convex combinations of two different states, i.e., uj = XuJi + (1 — X)lj2, 
A e M, is pure iff A e {0, 1} or cui — UJ2 (A arbitrary). Any state that is not pure is 
called a mixed state. 



From a purely operational point of view, and making use of generic arguments regar- 
ding the physical properties of states and observables, Segal established the mathemati- 
cal basis for the description of any (classical or quantum) physical system [3]. Concretely, 
the set of conditions that the observables in O should satisfy can be enunciated as fo- 
llows: (i) (O, II • II), with the norm \\Q\\ := sup^ |i^(Q)|, is a real Banach space (thus, 
it is assumed in particular that O is linear); (ii) the square Q 1-^ is continuous in 



the norm; (iii) \\Q^\\ = \\Qf and \\Ql - Ql\\ < max(||gi||M|g2f ), yQ,Qi,Q2 G O. 



Note that, following the operational description of the system, only bounded observables 
(HQ II < +00) are considered as basic, since any measurement of an observable Q must 
belong to a bounded set of real numbers, given the intrinsic limitations of the measuring 
instruments. 

A Segal system is called special if there exists a C*-algebra 21 with identity 1 gene- 
rated by (complex linear combination of elements of) O, with O identified as the subset 
of *-invariant elements of 21 (i.e., elements satisfying Q = Q*, usually referred to as 
self- adjoint). The system is called exceptional otherwise. Since it is quite difficult to 
construct concrete examples of this last class of Segal systems, and it is not clear their 
physical usefulness either, we will focus our attention in the special case only. 

A self-adjoint element A e 21 is said to be positive ii A — B"^ for some self-adjoint 
S e 21. It is possible to show that any positive element of the C*-algebra is of the form 




C.2 Segal systems 
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A* A. Any stot^ is defined as a linear functional : 21 — C satisfying: (i) uj is nor- 
malized, in the sense that = 1; (ii) u is positive on positive elements, u{A*A) > 0, 
W A G 21. Positivity implies uj{A*) = uj{A), where the bar denotes complex conjugation, 
and also that lu is continuous, so that to belongs to the dual 21* of 21. 

Let us now recall the abstract definition of a C*-algebra: 

Definition C.2.1. A set 21 is called a C*-algebra (with identity) if the following prop- 
erties are satisfied: 

1. 'Qi is an associative algebra (with identity) with complex numbers C as the coe- 
fficient field. 

2. A bisection *:AG2ti-^y4*G2lzs defined on 21, satisfying {ciAi + C2A2)* = 
ciAl + C2AI, {A1A2)* = A\A\, and (A*)* = A, for all Ak G 21, G C. Here, the 
bar denotes complex conjugation. Such a mapping is called an involution, and 21 
becomes a *-algebra. 

3. A norm || • || is defined on 21, with respect to which the product is continuous, 
\\AB\\ < ll^ll and 21 is complete respect to the metric topology defined by the 
norm, referred to as the uniform topology.' A neighborhood basis of an element 
A G 21 given by the sets ^ {A; e) = {B G 21 : < e}, e > 0. Furthermore, 
the normed algebra is assumed to verify \\A\\ = \\A*\\, W A G 21, so that ^ is a 
Banach *-algebra. 

4. The norm verifies the so-called C*-condition.- = for all A G 21. 

Next, we will look for suitable realizations of this abstract structure in order to facilitate 
concrete physical calculations. For this purpose, taking advantage of the fact that the set 
of all bounded linear operators on a Hilbert space S), denoted ^{Sj), defines a C*-algebra 
with identityjjwe introduce the concept of representation as follows: 




Definition C.2.2. A representation n of a C* -algebra 21 with identity in a Hilbert space 
Sj is a *-homomorphism of 01 into the C* -algebra ^{Sj) of bounded linear operators in 
Sj, i.e., a linear mapping tt{ciAi + C2A2) = Ci7i{Ai) + C2Tt{A2), *-preserving 7f{A*) = 
{7t{A))*, and multiplicative 71(^1^2) = tt{Ai)tt{A2) , vr(l2t) = If,, with being the 
identity operator. The representation is called faithful if it is infective (i.e., ker(7r) = 

^It is possible to prove that the set of positive linear functionals on a C*-algebra 21 keeps separating 
the elements of the algebra [4]. However, one can think in the possibility that the states with physical 
interpretation [physical states) is smaller than the set of all positive linear functional on 21; in this case, 
the set of physical states must separate the observables (and, conversely, the observables separate the 
states). 

^The sums and products of elements of ^(io) are defined in the standard manner, and the set is 
equipped with the operator norm \\A\\ := sup{||^^'|j ^5 ; G , \\^\\s) — 1}, with || • \\^ being the norm 
defined by the inner product. The Hilbert space adjoint operation defines an involution on which 
becomes a C* -algebra. 
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€ Sj : 7r(A)^ = , V A G 21} = {0}; n is called a * -isomorphism in this case). The 
representation is irreducible if {0} and Sj are the only closed suhspaces invariant under 
tt; in this case, every vector "if E S) is cyclic, i.e., 7r(2l)^' := {7r(A)^ ; A G 21} dense 
in Sj. Two representations of the same algebra 21, TTj : 21 — > ^{S)i), (i=l,2), are said to 
he unitarily equivalent if there exists a unitary transformation U : — > ^2 verifying 
C/7ri(A)C/-i =7r2(A), G 21. 

Now, we can enunciate the following fundamental result due to Gel'fand, Naimark, and 
Segal (see [4] for a proof): 

Theorem C.2.1 (GNS construction). Given a state cu over a C* -algebra 21 with identity, 
there exist a Hilbert space and a representation tt^; : 21 — > ^{Sjuj) such that: 

1. Sju! contains a cyclic vector "^oj, i-G-, 7r(2l)^'i^ = S^^j, with the bar denoting closure. 

2. uj{A) = {"i/i^ \TTi_^{A)'i/i^)sj^, for all ^4 G 21, where denotes the inner product 
in Sj^. 

3. Every other representation tt in a Hilbert space Sj with a cyclic vector ^ such that 
u!{A) = {"if \7T{A)'i/)^, \/ A G 21, is unitarily equivalent to n^, i.e., there exists a 
unitary transformation U : ^ S^^^ satisfying Un{A)U^^ = nij{A), G 21, and 

The set {Sji^,T:u!, ^w) satisfying these conditions is called the GNS triplet, containing the 
cyclic representation space S^u;, the cyclic representation tTi^, and the cyclic vector 
associated with the state cu. 

Note that every unit vector $ of the cychc representation space S)^ defines a state 
on 21 through the formula uj^{A) := ($ 1 7r(A)$)^^, V A G 21; indeed, this is a positive 
normalized linear functional on 21. The GNS construction then provides a mapping 
between states and Hilbert space vectors, usually called state vectors in this context. If 
$ is a cyclic vector, then according to point 3 of GNS theorem, the representation TTt^ is 
unitarily equivalent to the cyclic representation defined by the state uj^. It is possible 
to prove the following result [4]: 

Theorem C.2.2. The cyclic representation tt^ is irreducible iff the state cu is pure. 

It easily follows from the above theorem that, when dealing with an irreducible GNS 
construction, any state vector $ of the cyclic representation space S)^ defines a pure 
state cu^ on 21. In such a situation, it is not possible to represent a mixed state by a 
state vector, but rather by a density operator: Given a positive trace class operator D 
on Sj^ (Tr(|I?|) < +00), with trace equal to one (Tr(I?) = 1), the formula 

u;D{A):^Tr(D7r^{A)), yAeOl, (C.3) 

defines a state on 21. The set di^^u)) of all states of this form (called normal states) 
defines the folium of the representation t:^. Pure states are included in this class if D 
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is a one-dimensional projection. 

A state uj is faithful if uj{A*A) > 0, VA 7^ 0, and then the corresponding GNS 
representation is also faithful. In general, the GNS realization of a C*-algebra 21 as a 
family of operators in a Hilbert space may not be a ^-isomorphism. Nevertheless, the 
Gel'fand-Naimark theorem guarantees the existence of at least one faithful representa- 
tion [4]: 

Theorem C.2.3 (Gel'fand-Naimark characterization of C*-algebras). A C* -algebra is 
isomorphic to an algebra of bounded operators in a Hilbert space. 

This result encodes the Dirac-von Neumann quantum theory axiom according to which 
the observables of any quantum system are realized as bounded operators in a Hilbert 
space. Only for abelian (or commutative) algebras (as characteristic of classical systems) 
this representation is equivalent to a description in terms of continuous functions, the 
states acting in this probability measures (see next section) [4]: 

Theorem C.2.4 (Gel'fand-Naimark characterization of abelian C*-algebras). Let 21 be 
an abelian C*-algebra with identity. A character of ^ is a nonzero linear map : 21 — >■ C 
such that Lj{AB) = uj{A)u{B), W A,B G 21. The Gel'fand spectrum o/2l, denoted sp{^) , 
is defined as the set of all characters on 21. It is a subset of the dual 21* of 21. It is 
proved that a state u) is pure iff it is a character. The set sp(2t), endowed with the weak* 
topolog"^ inherited from the dual 21* of 21, is a compact Hausdorff topological space. 
Moreover, 2t is isometrically isomorphic to the C* -algebra of continuous functions over 
sp(2l). 

Given a state u (i.e., a normalized positive linear functional) on the C*-algebra 2t, the 
Riesz-Markov representation theorem then ensures the existence of a unique associated 
probability measure fi^j on sp(2l) such that 

coiA) = [ fA d/i^ , /i..(sp(2l)) = cu(l) = 1 , 

Jsp{<X) 

where is the Gel'fand transform of A G 21 assigned by the isomorphism. 

C.2.1 Classical systems 

Let us consider a classical system described by a phase space F, that will be assumed 
to be compact in order to facilitate subsequent discussions]^ This is the case if the sys- 
tem under study is confined into a finite spatial region and its energy is also bounded. 

■^In the weak* topology, a neighborhood basis of an element w S 21* is indexed by finite sets of 
elements Ai,...,An & 21, and e > 0; one has the sets 'W {lu; Ai, . . . , An] e) = {uj' S 2t : \uj'{Ai) — 
u){Ai) \ < e, z= l,...,7i}. 

^Note, however, that this excludes phase spaces characterized by cotangent bundles. The possibility 
to consider these cases will be discussed later. 
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The classical observables will belong to a proper class of functions on F, for instance the 
continuous real functions Oc = C(r;]R). It is then straightforward to define an ahelian 
C*-algebra 2lc with identity by considering the complex continuous functions C(r;C) 
(the algebraic product being the pointwise composition of functions), where the identity 
1 is the unit functiorj^/ = 1, the * bijection is given by the standard complex conjuga- 
tion": C ^ C, and the norm for elements / G 2lc is defined as ||/|| := sup^^gp |/(a;)|. The 
product is continuous in the norm topology since < and the C*-condition 

II/* /II = II /IP is obviously verified. Oc coincides with the class of functions satisfying 
f = f = /*, and we clearly deal with a special Segal system. 

Given a state u on the abelian C*-algebra 2lc of continuous functions on the com- 
pact (Hausdorff) phase space F, the Riesz-Markov representation theorem guarantees 
the existence of a unique associated probability measure /i^ on F such that 

uj{f) = j^f{x)A^i^{x), feOc, 

with fiuiiX) = ^^(1) = 1- Conversely, every probability measure /i defines a state on 2lc 
through the formula ci;^(/) = /p /(x) d/i(x) and, thus, we can identify the classical space 
of states with the space of probability measures on F. In particular, pure states -those 
that cannot be expressed as convex linear combinations of other states- correspond to 
singular 6 measures, i.e., probability measures concentrated on definite points Xq G F, 
in such a way that uj^aif) = f{xo)- Note that for this class of states the mean square 
deviation or variance relative to uj^q of any observable / G Oc, 

is identically zero. This is the reason why these states are also called dispersion free 
states. The idealized nature of such states is a consequence not only of the experi- 
mental impossibility to determine with infinite precision the position and momentum 
of particles, but also of the need to perform some type of statistical description when 
the number of degrees of freedom of the system is too large, typically ~ 10^^, owing 
to the unfeasibility of setting out an initial value problem in this case. The realistic 
states define, in this way, probability distributions on the random variables describing 
the observables of the system. From a theoretical point of view, however, there is no 
obstruction to closely approximate the idealized pure states, obtaining states for which 
the dispersion of the configuration and momentum variables are arbitrarily small. This 
fact lies on the assumption that the algebra of observables is commutative, as will be 
clarified in the next section. 

®For noncompact phase spaces, the continuous functions are restricted to vanish at infinity, so that 
/ = 1 is not an observable and the resulting C*-algebra is not unital. The absence of an identity can to 
a large extent be avoided, however, by embedding this algebra into another suitable one with identity 
[5]. 
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C.2.2 Quantum systems 

The following theorem is easily shown to be true for any noncommutative C*-algebra 
21 (the result is trivial for the abelian case): 

Theorem C.2.5 (Heisenberg uncertainty relations). Given two observables A,B&Ql, 
(A = A*, B = B*), the inequality 

A^{A)-A^{B)>^\u{[A,B])\ 

holds for any state uj on 21, where A^{A) = [uj{A^) — uj{AYY^'^ denotes the variance of 
A respect to uj, and [A, B] := AB — BA is the commutator of the observables. 

Proof. Define the observables A' := A — uj{A)1 and B' := B — u!{B)l. Given the positi- 
vity oi {A' -iXB'){A' +iXB'),\/ X G M, one has u{A'^) + X^ujiB'^) + Xiu{i[A' , B']) > 0; the 
positive-definiteness of this quadratic form in A requires 4uj{A")u;{B'') > \u;{i[A',B'])\^, 
so that A^{A) ■ A^{B) > \uj{[A, B])\/2. Here, we have made use of the equivalent 
expression A^{Af = uj{{A - uIa)1Y) and the fact that [A', B'] = [A, B]. □ 

Using convincing physical arguments, Heisenberg showed that it is not possible to mea- 
sure the position X of an atomic particle without affecting its momentum P, in such 
a way that the uncertainties of the components of these observables in definite spatial 
directions are subject to verify the inequalitie^ A^(Xfc) ■ A^(Pfc/) > {h/2)6{k,k'), for 
all physical states. According to the theorem proved above, it is then expected that the 
commutator of these quantities satisfies the Heisenberg commutation relations 

[Xk,Pk']=th6ik,k')l. 

Thus, the atomic particles are characterized by noncommutative algebras. Only in the 
classical limit h —* 0, where the perturbing effects of the measurement processes can be 
ignored, we recover the abelian algebras. 



In order to analyze the probabilistic interpretation of quantum physics, take a nor- 
mal element A G 21, (by definition, A and A* are assumed to commute) and construct 
the abelian C*-algebra 2t(A) generated by {1, A, A*}. The Gel'fand spectrum sp(2l(y4)) 
coincides in this case with the spectrum]^ a (A) of A, i.e., 

sp(2t(y4)) = o-{A) := {A G C : (Al — A) does not have a two sided inverse in 21} . 

^Here, subscript denotes the component of the observables in the k-ih spatial direction. 

*0n the contrary, it is possible to measure any two components of the position (or the momentum) 
simultaneously, so that the corresponding commutators must vanish, = = [Pk,Pk']- 

^More generally, if 21 is an abelian C*-algebra generated by {1, A^, A*}i=i^..._„ (the set assumed 
to be algebraically independent), then the Gel'fand spectrum of 2t is given by the Cartesian product 
sp(2l) = x^^MA)- 
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According to Theorem \C.2.4 and the discussion below it, given a generic state u on 



21(A) there exists a probabihty measure /i^^^ supported on cr{A) such that 

uj{B) = [ /b(A) dfi^,AW , B G 21(A) 

Ja(A) 

where Jb denotes the Gel'fand transform of B. In particular, 



uj{A) = / Ad^^,A(A). 

Ja{A) 



If the element A is an observable {A = A*), then it can be shown thai^" cr(^) ^ 
[— ||A||, C M, and the (Born) probabilistic interpretation of measurements on A 
is the following: The possible measured values of the observable A belong to its spec- 
trum (t{A), and the probability that the observable takes values within the Borel set 
A G Bor(] R) w hen the system is in the state uj is given by fiuj,A{^)] compare this with 



equation ^3. In the GNS construction context, yU<^,A(A) = (^^ | ^''-(^^(A)^^)^,^ 
where E'^'^^^^ denotes the unique spectral measure associated with the (bounded and 
self-adjoint) operator 7r^(A). The two main differences of noncommutative algebras with 
respect to the abelian case are the following: (i) The probability measure fi^^^A depends 
on the observable A; as a consequence of this, the algebra of observables 21 cannot be 
realized as an algebra of random variables on a single probability space. This can be 
done for any abelian subalgebra of 21, but the probability spaces associated with non- 
commuting observables will in fact be different; (ii) the probability measure associated 
with pure states are not S measures, i.e., the statistical interpretation cannot be avoided 
even if restricting our considerations to pure states; the statistical description is, thus, 
intrinsic to any quantum system. 

For a concrete example, let us consider the simplest physical system consisting of a 
single spinless point particle moving along the real line (this study can be easily gene- 
ralized to higher dimensions) . The basic classical observables are the position X and the 
momentum P of the particle. Tentatively, one could propose as quantum algebra of ob- 
servables that generated by {1,X,P} satisfying the Heisenberg commutation relations 
(from now on we will consider units such that h = 1) 

[X,P]=il, [X,X] = 0=[P,P]. (C.4) 

This Heisenberg algebra, however, does not fall into the Segal scheme, because it is 



a well-known fact that any X and P satisfying (C.4) cannot be realized as bounded 
self-adjoint elements of a C*-algebraj^ This is not a surprise from the operational 

^"^For a positive element, <t{A) is a subset of the positive half-line, a{A) C [0, \\A\\] C M+. 
^^Indeed, by induction one gets [X, P"] — inP"^^, n E N, which implies 7i||P"^^|| < ||XP"U 



|1P"X|| < 2||X|l||P||||P"-i|l for some C*-norm. Since ||P""^|| ^ -otherwise, P = and, hence, ( |C.4 | 
is not verified-, one finally obtains ||X||||P|| > n/2, Vn e N. 
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point of view: The technical hmitations of the measuring apparatuses imply that only 
bounded functions of X and P can be measured. Of course, one could try to obtain a 
representation of the Heisenberg algebra in terms of unbounded self-adjoint operators 
X and P with dense domains in a certain Hilbert space S), but this would not follow 
the operational description given in this section. Nevertheless, this problem can be 
easily overcome by introducing the so-called Weyl algebra -in fact, this will allow us to 
recover the Heisenberg algebra in a definite sense at the end of this section. Consider 
the bounded formal functions of X and P, called Weyl operators, 

U{a) := exp{iaX) , V{f3) := exp(i/?P) , a, /5 G M . (C.5) 



The Heisenberg commutation relations (C.4) are now replaced by the Weyl relations 



U{a)V{p) = V{p)U{a) exp(-m/?) , 

U{a)U{(3) = U{a + (3) , V{a)V{(3) = V{a + (3) , 



formally obtained from ( C.4[ ) and ( C.5[ ) by applying the Baker-Campbell-Hausdorff for- 



mula exp{A) exp{B) = exp{A + B + [A,B]/2), with [A, B] assumed to be a c-number. 
There is a natural *-operation on the Weyl algebra generated by linear complex combi- 
nations and products of these basics elements, as suggested by the self-adjointness of X 
and P, 

U{ay = U{-a) , V{l3y = V{-(3) , 

so that U{a) and V{(3) are unitary, i.e., U{a)*U{a) = U{a)U{a)* = 1, and similarly 
for V{l3). It is possible to prove the existence of a unique C*-norm such that the 
completion of the Weyl algebra in this norm is a (non commutative) C*-algebra [4], 
called the Weyl C*-algebra and denoted Slweyi- According to the C*-condition, we have 
\\U{a)\\ = \\Vi/3)\\ = \\U{a)V{/3)\\ = 1, Va,/3 e M. One faces now the problem of finding 
suitable representations for this algebra. The following theorem was rigorously proved 
for the first time by von Neumann [1]: 

Theorem C.2.6 (von Neumann). All regular irreducible representations of the Weyl 
C*-algebra Slweyi in o, separable Hilbert space are unitarily equivalent. 

Here, a representation vr : Stweyi ^{^) into a separable Hilbert space is said to 
be regular if 7r(f/(a)) and 7r(y(/3)) are (one-parameter unitary groups) strongly contin- 
uous in the real a and (3 parameters, respectively. Thus, it suffices to find one regular 
irreducible representation to univocally characterize all the representations of this class; 
concretely, a well-known solution is given by the Schrddinger representation tt^ into the 
separable Hilbert space Sjs = L^{R, dx), where for all pure states (L^-functions) \1' G i^s, 

(7r,(f/(a))*) (x) = exp{iax)<i/{x) , (7r,(V(/5))*) (x) = *(x + (3) . 



It is easy to check the regularity and irreducibility of this representation. Note that the 
strong continuity in the a and /3 parameters ensures, by virtue of Stone's theorem, the 
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existence of (unbounded) self-adjoint generators X and P with dense domain in S^g. In 
particular, the Schwartz space o5^(]R) of smooth rapidly decreasing functions in M is a 
common invariant dense domain of essential self-adjointness for X and P, where the 



Heisenberg commutation relations (C.4) are satisfied. For all \l/ G ^5^(1 



XI 



XI 



where the prime denotes derivative. Therefore, thanks to regularity, the Heisenberg 
algebra can be recovered in a definite sense from the Weyl C*-algebra. 



C.3 Algebraic dynamics 

Consider a C*-algebra of observables, 21. An autonomous (algebraic) dynamical sys- 
tem is a triplet (2t, / CM, at), with at, t E I, being a (weakly) continuous one-parameter 
group of ^-automorphisms (i.e., *-isomorphisms of 2t into itself). An (irreducible) rep- 
resentation of the algebra vr : 21 — ^{Sj) is called stable under time evolution if vr and 
Tioat (equivalently vroa^^) are unitarily equivalent for all t E I. In this case, there exists 
a unitary operator-valued function U{t) : ^ S^, called the time- evolution operator, 
such that 

'n{at{A)) = U(t)-^Tx{A)U{t) , VAG2t. (C.6) 

Furthermore, the weak continuity of at ensures the weak continuity of U{t), so that by 
Stone's theorem we can write 

f/(t) = exp(-iti/) , teM, 

where the generator H , called the Hamiltonian operator, is a self-adjoint operator with 
dense domain C S). It is obtained as the strong limit s — \im.t^Qt~^{U{t) — I)^ = 
—iH^, \E' G Note that the H operator is unbounded in general -so it does not 

belong to the C*-algebra of physical observables- and its expression depends on the con- 



crete representation vr. It is also important to realize that the relations (C.6) determine 
U{t) univocally modulo a complex phase, so that the quantum Hamiltonian is unique 
up to an (irrelevant) real term proportional to the identity. Let \l/o ^ be a state 
vector of the stable representation vr, and let ojq be the pure state defined by it. Then, 
we have 

uJo{at{A)) = (^0 I f/(t)- V(A)f/(t)^o)f, = (f/(t)*o 1 7r(A)f/(t)^o)f, =: uJt{A) , 

where Ut is the pure state defined by U{t)^Q =: \E'(t) G S). This is an algebraic repre- 
sentation of the evolution of states in the Schrodinger picture, contains a dense 
subdomain ^ C invariant under the action of U{t), in which the Hamiltonian is 
essentially self-adjoint. For \l/o G S^, differentiating the state vector \l/(t) with respect 
to the time parameter t, we obtain the Schrodinger equation 

i^^'^(t) = H^{t), vl/(0) = vl>o. 
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The time evolution can be equivalently formulated in terms of observables. Indeed, the 
*-automorphism Ai— i>afoA, VAgSI with A = A*, can be interpreted as the alge- 
braic representation of the evolution of observables in the Heisenberg picture. Denoting 
A{t) := 7T{atA) = U{t)~^7i{A)U{t) (see equation (C.6)), and differentiating this relation 



with respect to t, one finally obtains the Heisenberg equation 



dt 



A{t) = z[H,A{t)], A{0)=n{A) 
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Appendix D 

The Time-dependent Harmonic 

Oscillator 



D. G. Vergel and E. J. S. Villasenor 
Annals of Physics 324, 1360-1385 (2009) 

In this appendix, we reformulate the quantum theory of a single one-dimensional 
time-dependent harmonic oscillator, summarizing some basic results concerning the uni- 
tary implementation of the dynamics. This is done by employing techniques different 
from those used so far to derive the Feynman propagator. In particular, we calculate the 
transition amplitudes for the usual harmonic oscillator eigenstates and define suitable 
semiclassical states for some physically relevant systems such as Gowdy-like oscillators. 



D.l Properties of the TDHO equation 

We will review in this section some properties of the classical equation of motion of a 
single harmonic oscillator with time-dependent frequency, from now on referred to as the 
TDHO equation, and its connection with the so-called Ermakov-Pinney equation, which 
plays an auxiliary role in the calculation of invariants for nonquadratic Hamiltonian 
systems. The TDHO equation is given by 

u{t) + K{t)u{t) = , t G / = C M, (D.l) 

where k : J ^ M is a real-valued continuous function and time-derivatives are denoted 
by dots. Given an initial time & I , let and Stg be the independent solutions of 



(D.l) such that Ctg{to) = Stg{to) = 1 and ^^^(to) = Q,)(to) = 0. These can be written in 



terms of any set of independent solutions to (D.l), say ui and U2, as 



_ U2{to)ui{t) - Ul{to)u2{t) _ Ui{to)u2it) - U2{to)ui{t) 

Ctol^J - 7777 ^ ) StQ[t) — — r , [U.Z 

W{Ui,U2) W{Ui,U2) 

where {to,t) E I x I and W{ui,U2) := — U1U2 denotes the (time-independent) 
Wronskian of Ui and U2- In what follows, we will use the notation c(t, to) := Ctg(t), 
c{t,to) := Ct(,(t), s(t,to) := Sto(t), and s(t,to) := hoii)- Note that the s function belongs 
to the class C^{I x /) , whereas c(-,to) G C^(/) and c(t, ■) G C^(/). As a concrete 
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example, for the time-independent harmonic oscillator (TIHO) with constant frequency 
K(t) = G M, we simply get {u > 0) 

kq = Li?, c{t,to) = cos{{t — to)uj) , s{t,tQ) = Lu'-^ sm{{t — to)uj) ; (D-3) 
Ko = 0, c(t,to) = l, s{t,to) =t-to; (D.4) 



—UJ 



c(t, to) = cosh((t — to)"^) 7 s{t,to) = UJ ^ smh({t — to)uj) . (D.5) 



In fact, as well known from Sturm's theory, the c and s functions corresponding to 
arbitrary frequencies share several properties with the usual cosine and sine functions. 
Firstly, their Wronskian is normalized to unit, W{c,s) = 1. Hence, if one of them 
vanishes for some time t = t^,, then the other is automatically different from zero at that 
instant. In view of this condition and relations (D.2), their time-derivatives satisfy 

c{t,to)c{to,t) - 1 



s{t,to) = c{to,t) , c{t,to) 



(D.6) 



s(t,to) 

where the last equation must be understood as a limit for those values of the time 
parameter t^, such that s(t*,to) = 0. The odd character of the sine function translates 
into the condition s{tQ,t) = — s(t,to)- Finally, the well known formula for the sine of a 
sum of angles can be generalized as 



S(t2, h) = C{ti, to)s{t2, to) - C{t2, to)-s(tl, to) ■ 



(D.7) 



It is well known that solutions to the TDHO equation (D.l) are related to certain 
non-linear differential equations. Here, we will restrict our attention to the so-called 
Ermakov-Pinney (EP) equation (see [1,2]; the interested reader is strongly suggested to 
consult the historical account of [3] and references therein). Let 



A = A' 



Oil ai2 

0-12 O22 



G Mat2x2( 



be a positive definite quadratic form with det A 
function p : J — (0, -|-oo) defined as 

p{t) ■■= a/ aiic2(t, to) + a22s2(t, to) + 2ai2s(t, to)c{t, to) 
verifies the EP equation 

p(t) + /c(t)p(t) = , tel. 



1. Then, the (never vanishing) 

(D.8) 



(D.9) 



According to (D.2), the most general analytic solution to (D.9) can be written as [4,5] 

p{t) = ^Jbnul{t) + h2ul{t) + 2hi2Ui{t)u2{t) , (D.IO) 

&I2, &22 G 



where, as a consequence of ( |D.8[ ) and ( |D.9[ ), the coefficients 611 

W\uuU2) 



satisfy 

(&11&22 — ^12)"^ > 0. Conversely, given any solution to the EP equation it is 



possible to find the general solution to the TDHO equation. Indeed, it is straightforward 
to prove the following theorem. 
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Theorem D.1.1. Let p be any solution to the EP equation (D.9); then, the c and s 
solutions to (D.l) are given by 

pit) f f' \ . . f /•* dr 



c(t,to) 
s(t,to) 



cos 



pit)p{to) sin 



dr 

* dr 



pifijpito) sin 



to 



to P'i^) 



P\t) 

, {t,to)elxl. 



(D.ll) 
(D.12) 



objects. For example, the combination 



Remark D.1.1. By using (|D.ll) and (D.12), it is possible to find other p-independent 

jination 

+ p{to)p{t) sin ( / -yr^] = ^(^o, t) = s{t, to) 



Pito) 



Pit) 



cos 



* dr 



to 



p\r) 



and the zeros of s(t, to), characterized by 

dr 



to P'ir) 



(modvr) 



are independent of the particular solution p to the EP equation. These results will be 
profusely applied along this appendix. 



D.2 Unitary quantum time evolution 

D.2.1 General framework 

The canonical phase space description of the classical system under consideration 
consists of a nonautonomous Hamiltonian system (/ x P ,dt,u}, H{t)). Here, P := 
denotes the space of Cauchy data {q,p) endowed with the usual symplectic structure 
^{{Qi,Pi), {Q2,P2)) ■=Piq2-P2qi, V(gi,pi), {q2,P2) e P- The triplet (/ x P,dt,a;) then 
has the mathematical structure of a cosymplectic vector space. The time-dependent 
Hamiltonian H{t) : P ^ M, t G /, is given by 



H{t,q,p) := ^{p^ + Kit)q^ 



(D.13) 



The solution to the corresponding Hamilton equations with initial Cauchy data (g, p) at 
time to can be written down as 



quit, to) 

PH{t,to) 



'^{t,to) 



q 
p 



{t,to) 



c(t,to) s{t,to] 
c{t,to) s{t,to] 



(D.14) 



Note that the properties stated in section \D. 1\ about the c and s solutions to the TDHO 
equation ([Plj) guarantee that T(^t,to) e SL{2,R) = SP{1,R) for aU (t,to) e I x I , i.e.. 
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the classical time evolution is implemented by symplectic transformations. 

We now formulate the quantum theory of the TDHO by defining the corresponding 
Weyl C*-algebra of quantum observables W{P) and choosing a suitable representation 
in terms of self-adjoint operators in some separable Hilbert space J^. As we pointed 
out in appendix [C| the natural realization for this algebra is given by the well-known 
Schrodinger representation {Qip){q) = Q'ipiq), {P'ip){(l) = —i'^'i.l), ^ ^ L^(]R). An- 
other possibility is to represent the canonical commutation relations (OCR) in the space 
L^(]R, d/ia) where, given some a G C\ {0}, Ha denotes the Gaussian probability measure 



d/ia 



1 



27r a 



exp 



2\a\ 



dq . 



To each a there corresponds a family of unitary transformations Va{(3) : L^(M, dg) 
L^(]R, dyUa) connecting the standard Hilbert space with the new one in the form 



v^(g) = {V^m){q) = (v^|«|)'/%xp(-^^gV(2a))V'(g), 



(D.15) 



where the complex numbers /3 must satisfy a/3 — /3a 
formations Va{P) map the 'vacuum' state 



i . Note that the unitary trans- 



(v^|a|) ^^^exp (z/3gV(2a)) e L\R,dq) 

dfia) . In these cases, the 



onto the unit function ^o(q') = {Va{P)^o){q) = 1 G L'^i 
position and momentum operators act on state vectors as 



(Q^)(g) =g*(g) and (P^)(g) 



a 



where, with the aim of simplifying the notation, Q and P respectively denote the 
transformed operators Va{P)QVa{P)~^ and Va(/3)PV^(/3)~^ with common dense domain 

Any regular irreducible representation vr : W(P) ^{J^) is stable under time evo- 
lution, i.e., there exists a unitary evolution operator f/(t, to) '■ —>■ (^O;^) & I x I, 
implementing the quantum dynamics. It is important to notice at this point that, if the 
classical evolution has singularities at the boundary of the interval /, they also occur 
for the quantum dynamics, i.e., there is no resolution of classical singularities. The 
Heisenberg equations for Q and P can be solved just by the same expressions involved 



in the classical solutions (D.14), i.e. 



Qnit, to) 



U-\t,to) 



Q 
p 



f/(t,to) 



c(t,to) s(t,to) 





' Q' 




p 



(D.16) 



With more generality, given any well-behaved (analytic) classical observable F : P ^ M 
for the TDHO, the time evolution of its quantum counterpart in the Heisenberg picture 
Fff(t,to) := U-\t,to)F{Q,P)U{t,to) is simply given by 

Fnit, to) = FiQnit, to), Pnit, to)) = F{c{t, to)Q + s{t, to)P, c{t, to)Q + s{t, to)P) . (D.17) 
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Hence, the matrix elements (^2 I f^"^(i2, -P)f^(^2, ^1,^2 e Jf, can be 

computed without the exphcit knowledge of the unitary evolution operator. This is also 
the case of the transition probabilities Prob(\E'2, ^2 | ^1, ^i) = | (^2 | U (t2, ti)\l'i) as will 
be discussed in detail in subsection D.2.4\ The commutators of time-evolved observables 
can be also calculated without the concrete expression of U{t2,ti). For instance, from 



(D.17) we easily obtain 



[Qnih, to), QHit2, to)] = is{ti,t2)l 



where we have used the relation (D.7) stated in section D.l As expected, the com- 



mutator given above is proportional to the identity operator and independent of the 
choice of the initial time to • Note, in contrast with the transition probabilities, that 
the calculation of transition amplitudes of the type {'^2 \ U{t2,ti)'^i) does require the 
explicit knowledge of (the phase of) the evolution operator. This is also the case of the 
(strong) derivatives of both U{-,to) and U(t, ■) . 

The dynamics of the quantum TDHO is governed by an (unbounded) nonautonomous 
Hamiltonian operator H{t) : — > Jif, t E I, satisfying 



U{t,to) = -iH{t)U{t,to 



(D.18) 



Given the quadratic nature of the classical Hamiltonian (D.13), H{t) must coincide with 



the operator directly promoted from the classical function modulo a t-dependent real 
term proportional to the identity 1 encoding the election of U{t,to)- For a concrete 
representation of the CCR, we will simply take 



1 



H{t) := - {P' + K{t)Q') 



(D.19) 



This choice fixes U{t,to) uniquely. The Hamiltonian (D.19) is a self-adjoint operator 



with dense domain 



'Hit) 



-equal to C, 



for each value of the time parameter t , 
subsections. 



(M) in the standard Schrodinger representation- 
We will prove the following theorem in the next 



Theorem D.2.1. The action of the unitary TDHO evolution operator U{t,to) corre- 
sponding to the Hamiltonian (D.19) on any state vector ip G ^{M.) C L^(]R, dg) in the 



traditional Schrodinger representation is given by 

(f/(t,to)^)(g) = / K{q,t;qo,to)ip{qo)dqo, 

where the propagator K{q,t; qo,to) depends on the times to and t through the classical 
TDHO solutions c and s . Explicitly, 



K{q,t] qo,to 



1 

^i 



s-'/\t,to)exp 



2s{t,to) 



c{to, t)q^ + c{t, to)ql - 2qqo , (D.20) 
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wherever sit.to) ^ , and 



.-1/2 



(t, to) exp ( i 



2c(t,to) 



"^(^o - q/c{t,to)) 



(D.21) 



tfs{t,to) = 



Remark D.2.1. Given a solution u{t) to the TDHO equation (D.l) which is positive 
in some interval {to, to + e) C I , e > 0, we define 

u''{t,to) := exp (^ienm{u;t,to))\u{t)\^ , e G M , tel, 

where m(u;t, to) G Z is the index function of u, with m(M;to;^o) = , in such a way 
that m{u; t2, to) — m{u; ti, to), ti < h, gives the number of zeros of u{-, to) in the interval 
(^1,^2] • Finally, 6{q) denotes the Dirac delta distribution. 



Remark D.2.2. Let ^9 : / 

Hamiltonian 



be a real-valued continuous function and consider the 



Hi{t) := H{t)+^{t)l 



defined in terms of (D.19). The unitary evolution Ui{t,to) associated with Hi(t) satis- 
fying (D.16) gives rise to the propagator 



Ki{q, t; go, to) = K{q, t : go, ^0) exp (^-i j^^ 



^?(r)dr . 



(D.22) 



Note that ^{t, to) OUi{t, to) = U ^(t, to) O U{t, to) for any quantum observable O. 

Remark D.2.3. In the L^(M, d//Q,)-representation defined by the unitary transformation 
Va{P) (see equation ( |D.15[ )), the evolution is given by 



(f/(t,to)^)(g) = / ir«/3(g,t;go,to)^(go)d/i„(go), 



where 



Kaf3{q,t;qo,to) := V27r|a|exp 



%']K{q,t;qo,to)- 



2a 



2a 



(D.23) 



D.2.2 Constructing the evolution operator 

In order to calculate the unitary evolution operator U{t, to) we will perform a gene- 
ralization of the method developed in [6] that will clarify the appearance of the auxiliary 



Ermakov-Pinney solution (D.IO ) in this context, and will allow us also to warn the reader 
about other problematic choices that have appeared before in the related literature. We 
first introduce on Jif the (one-parameter family of) unitary operators 



D{x) := exp ( —-xQ^ ) , a; G 



Appendix D. The Time-dependent Harmonic Oscillator 



138 



generating a displacement of the momentum operator, D{x)PD ^{x) = P + xQ (the 
position operator being unaffected by them), and define the unitary squeeze operators 



scahng both the position and momentum operator respectively as S{y)QS^^{y) = e^Q 
and S{y)PS^^{y) = e~^P. Let G &H(t), t G /, be a solution to the Schrodinger 
equation, i.e., = H{t)'^{t), and let x,y E C^(/) . We now introduce the unitary 

operators 

T(t)=T(t;x,y) := 5(y(t))D(x(t)) , 

where the functions x and y remain arbitrary at this stage. Let us consider the time 
evolution for the transformed state vector 

<!>{t) = <!>{t-x,y) ■.= T{t-x,y)^{t) , 

given by 

i^{t) = (T{t)H{t)T-\t) -iT{t)f{t)^^t) 

= l(^e-^yit)p2 + _ yit))iQP + PQ) + e''^'\x\t) + + xit))Q^^m . 

We note at this point that it is possible to get a notable simplification of the previous 
expression just by imposing 

x{t) = y{t) and x^{t) + nit) + x{t) = exp{-Ay{t)) . (D.24) 

The most natural way to achieve this is to choose 

y(t) := logp(t) and, hence, x{t) = p{t)/p(t) , 



with p being any solution to the auxiliary EP equation (D.9) introduced in section D.l 
In this way, the state vector p/p, logp) =: $p(t) satisfies the differential equation 

^^p(t) = ^^{P' + Q')^,{t). 

Solving this equation and going back to the original state vector we finally obtain 
the unitary evolution operator for the system. We can then enunciate the following 
theorem. 

Theorem D.2.2. The time evolution operator U{t,to) for the quantum TDHO whose 
dynamics is governed by the Hamiltonian (D.19) is given by a composition of unitary 
operators 

U{t,to)=T-\t)R,it,to)T^ito), 
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where 

ft 



R,{tM) := exp (^-'- f^^{P' + Q'))^ (D-25) 
and Tp(t) = Sp{t)Dp{t), with 

Dp{t):=exv{-'~Q^^ and Sp{t) := ex^ log p{t){QP + PQ)^ . (D.26) 
Remark D.2.4. Note that instead of introducing p, we could have used other choices for 



the X and y functions. In these cases, conditions (D.24) may not hold and the expressions 
of the evolution operator would differ from the one obtained here. For instance, one can 
select x{t) = u{t)/u{t) and y{t) = logM(t) as in [6], with u(t) being any solution to the 
TDHO equation, but this choice is problematic because the set {t E I \ u{t) = 0} may 
be non-empty and, hence, the resulting formula for the unitary operator is generally not 
well-defined for all values of the time parameter t. This is the reason why the election 
of the Ermakov-Pinney solution is especially convenient in this context -recall that p 
is a positive function. It follows from the above argument that the appearance of this 
solution is nearly unavoidable in this context. 



Note that the eigenstates of the Rp{t,to) operator (D.25) are given by those of 
the Hamiltonian operator corresponding to a quantum harmonic oscillator with unit 
frequency a/ K,{t) = 1, 

Ho := 1{P' + Q') . (D.27) 

This fact will be shown particularly useful to calculate the Feynman propagator. It is 
also important to point out that the procedure employed in this section is implicitly 
based upon the transformation of the so-called Lewis invariant [7] 

^'^^^ I ^ ^^^^^^ " '^^^^^^O ' ^ ° ' 

into an explicitly time-independent quantity -although in order to obtain the unitary 
operator it has not been necessary to use it. In this case, we simply have 

Tpit)Ipit)T;\t) = Ho. (D.29) 

The Lewis invariant is often used to generate exact solutions to the Schrodinger equation, 
and turns out to be especially useful to construct semiclassical states for these systems, 
as will be discussed later. 
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D.2.3 Propagator formula 

We finally proceed to derive the Feynman propagator for the quantum TDHO corre- 
sponding to the Hamiltonian (D.19). In the previous subsection, we have written down 
the evolution operator for this system explicitly in closed form in terms of the position 
and momentum operators (see Theorem D.2.2). It is given by the product of the uni- 
tary operators ( |D.25 ) and (D.26). We calculate now the action of these factors on test 
functions ip G ^(M) C L^(]R, dg) in the standard Schrodinger representation. First, it 
is straightforward to see that 



{Tp{t)ij){q) = v^exp 
{T;\t)i^){q) = ^^exp 



2' 

2 pit)' 



p(t)p(t)gM ^(p(t)g) = / ir+(g,t;go)^(go)dgo 



where we have introduced the distributions 



Kpiq,t]qo) 
K~{q,t;qo) 



V^exp ( ) S{q, - p(t)q) 



1 



exp 



2 Pit) 



q' Siqo - q/pit)) 



(D.30) 
(D.31) 



The propagator for i?p(t,to), satisfying 



{Rpit,to)ip)iq) = / K°piq,t;qo,to)ipiqo)dqo, 
Jr 

can be easily derived from the one corresponding to the TIHO with unit frequency. As 
is well known [8,9], the Green function for the Hamiltonian (D.27) is given by the 
Feynman- Soriau formulae 



K%q,v;qo,0) 



'2tii 



sm 



-1/2, 



^>0)exp ( — (iq^ + ql)cois.v -2qqo 



whenever v ^0 (modvr), and 

K^iq,v;qo,0) = cos-^/2(t;, 0) exp 



1 smv 

2 cosv 



Siqo - q/ cosv) 



V 



(modTr) 



where the so-called Maslov correction factor [9], which allows the calculation of the 
propagator beyond the caustics {t; e M : sin(i;) = 0} = {nk : k E Z} , has been 
conveniently absorbed into the definition of sin^''^(i;, 0) and cos^/^(t;,0) given in the 



formulation of Theorem D.2.1 In view of (D.25), we simply get 

^* dr 



g, / ^;go,o 

Jto P V) 



(D.32) 
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Therefore, 



where 



{Uit,to)^)iq) = {T;\t)R,it,to)TM^)iq) = / t; go, to)^(go) dg, 



K{q,t]qo,to) = / {q,t]q2)K^p{q2,t;qi,to)K^{qi,to]qo) dqidq2 . (D.33) 
Jr2 



By combining (D.30)-(D.33) with (D.ll) and (D.12), we find the formula for the prop- 



agator (D.20) enunciated in Theorem D.2.1 expressed in terms of the c and s solutions 



to the classical TDHO equations (D.l). As expected, the propagator -and hence the 



evolution operator itself- does not depend on the particular solution p to the EP equa- 
tion (D.9) chosen to factorize U{t,tQ). Taking the appropriate limits one obtains, after 



straightforward calculations, the propagator evaluated at caustics (D.21). The resulting 



expressions are in agreement with those obtained by other authors (see, for example, 
[9, 10, 11, 12], where more complicated path integration techniques are often employed), 
though in our case they have been achieved within a different scheme, based essentially 
on the previous obtention of a closed expression for the evolution operator. Finally, a 
direct calculation shows that the propagator K{q, t; qo, to), viewed as a function of (g, t), 
formally satisfies the evolution equation 

td,K = -^dlK+^q\it)K. 



D.2.4 Transition amplitudes and vacuum instability 



The exact expressions for the Green functions (D.20) and (D.21) can be used to 



exactly compute both transition amplitudes and probabilities. Here, we will restrict 
ourselves to the class of normalized states 0^ defined in L^(M, dg) as 



1/4 



exp -tugV2)if„(v^g) , > , n e No , (D.34) 



with Hn{z) denoting the n-th Hermite polynomial in the variable z . 
value u, the set (0^ : n G No) defines the usual orthonormal basis of L^( 



For any fixed 
U.) constituted 

by the eigenvectors of the quantum Hamiltonian (D.19) corresponding to a TIHO of 
constant frequency \/'K{t) = uj. Since the 0^ states are complete, the corresponding 
transition amplitudes and probabilities for other states are readily obtainable. By using 
the generating function for Hermite polynomials. 



exp {^^fujqx — x^) = Hn{\/ojq) 



n=0 



X 

n\ 
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it is clear that 



(dt/(t2,tl)C) 



1 /2 



TT V 2"i+"2+li / 



(D.35) 

where [xi^X2^]f{xi,X2) denotes the complex coefficient appearing in the a;"^X2^-term of 
the Taylor expansion of the function /. Here, for any matrix A e Mat2x2('C), we define 

I{xi,X2;A) := exp{- {xj + xl)) J ^exp(^-^q^Aq + 2x^dieig{^,^)^ d'^q 



2n 



cxp ( f * (2disig{^/uh, v^)A Miag(v^, V^) - l)^) > 



Vdet A 

whenever Re[A] > and det A 7^ . In this formula, x denotes the column vector with 
first and second components given by xi and X2, respectively; we define q similarly. In 
our case. 



A{ti,t2]UJi,LL!2) ■-- 



. C(t2,ti) i 

's{t2,ti) S{t2,ti) 

i .C{tl,t2 
UJ2 - « 



with 



det A(ti,t2;<^i,ti^2) = \0J1UJ2 



s{t2,ti) 

C{t2,tl) 
S{t2,ti) 



S{t2,ti) 

UJicjii. 1-2) + ^2('(f2- fj) 
S{t2,ti) 



Here, Re[A{to,t;uJi,uj2)] > and det A{to,t;cJi,cj2) 7^ for all {to,t) e I x I and 
<^i,<^2 G (0, +00) . The Taylor expansion of I{xi,X2; A) can be efficiently computed by 
applying the following lemma, that trivially follows from the multinomial formula. 



Lemma D.2.1. Let 

hi bi2 
bi2 ^22 

Then, using the notation introduced above, we have 



B^B* 



e Mat2x2(C) 



[xl'x'i^] exp [x'Bx] = 6Si-"^)/'(2fei2)"' J] 



(fciifc22)"^(46? 



'12) 



meA(ni,n2) 



m\{m + (ni — n2)/2)!(n2 — 2m)! ' 



whenever rii and 712 have the same parity, and vanishes otherwise. Here, A(ni,n2) := 
(m e No : max{0, (^2 — ni)/2} < m < [77,2/2] ) , where [x\ denotes the largest integer 
less than or equal to x e M . In particular, taking ni — , we get 



[xiX2^] exp ( x^Bx 



^22 

K72)! 



for 712 = (mod 2) , 



(D.36) 



and vanishes ifn2 is an odd number. 
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Remarks. Note that the TDHO quantum dynamics is invariant under parity inversion 
P and states 0^ satisfy P05^ = (-l)"^:;^. Hence, (0^^ | U{t2,ti)(t)^^\) = if rii and 
have different parity. 



As a concrete example, in the case of a TIHO with constant frequency uj = uji = {jJ2, 
we identify 

"01" 
1 



B = 2 diag(v^, V^) ^ ^{^1: h', ^, ^) diag(v^, y/uj) — I = exp ( — iuj(t2 — ti)) 
and, hence. 



I{xi, X2; A(ti, t2; CO, uj)) = ^ ^ exp ( - iujn{t2 - ti))x" 



n=0 



This is in perfect agreement with 

U{t2, = exp ( - tuj{n^ + l/2)(t2 - ti))5(ni, na) 



'n2 



where 6{ni,n2) denotes the Kronecker deha. For arbitrary time-dependent frequencies 
the formula (D.35), when restricted to the same initial and final frequencies Ui = 002, 
coincides with the one given in [13] written in terms of associated Legendre functions. 

We conclude this section with the analysis of the instability of the vacuum state 0o 
due to the nonautonomous nature of the Hamiltonian (D.19 ). This can be easily derived 
from the formulae (D.35) and (D.36). 

Theorem D.2.3. The quantum time evolution of the vacuum state 0o ^■^ generally 
given by a superposition of states U(t,to)(j)Q = X^neNo ^'^an I ^^('''5 ^o)0o )'/'2n > where the 
probability amplitudes (02n I U{t,to)(f)Q) are given by 



{2u;{A-\to,t;u;,u;))22 - l)"(0o I f^(^,M0o) , neN., 



(D.37) 



in terms of the the expectation value 

{<p^\uit,tom = 



2uj 



exp 



-Z7c/4)s-'/\t,to) 



with 

{A'^(to,t;uj,uj))22 



det A{to, t; 00, 00) 

ujs'^{t2, ti) - is{t2, ti)c(t2, ti) 



1 + a;2s2(t2, ti) - c{t2, ti)c(ti, ^2) - ii^s{t2, ti) (c(t2, h) + c(ti, t2)) 
Remarks. Consider the usual annihilation and creation operators 



V2 



(^y/ujQ + iP/y/uj) and 



1 

71 



(D.38) 
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with [cia;,«^] = 1 and [aa;,a^] = = such that a 



and 



au;(pn = Vn(pn-i, Vn G N, with a^0^ 
Heisenberg picture can be obtained directly from (D.16) 



U-\t,to)a^Uit,to) 
U'\t,to)a*^Uit,to) 



. The evolution of these operators in the 

(D.39) 



where A^{t,to) and B^{t,to) are the Bogoliubov coefficients 

A^{t,to) := ^(^c{t,to) + s{t,to) + i{uj-^c{t,to)-uJs{t,to))^ 



c(t, to) - s(t, to) + i [uj ^c(t, to) + ujs(t, to)) 



(D.40) 
(D.41) 



satisfying A^{t,to) = A^{to,t), B^{t,to) = -B^ito,t), and \A^(t,to 



\B^{t, to) I' 



V(t,to) £ I X I . Note, in particular, that A^(t,to) never vanishes. For example, 
for the TIHO of constant frequency > we have B^{t,to) = and A^(t,to) = 
exp{—i(t — to)uj). A straightforward calculation yields (see also [14]) 



U{t,to)ro = {ro\U{t,to)<P^)exp 



1 B^{to,t) 
2A^(to,t)''" 



^0 ) 



(D.42) 



This formula is in perfect agreement with the transitions ( D.37[ ). Indeed, it is straight- 
forward to check that 



2uj{A''-{to,t;uj,uj)) 



22 



1 



-B^{to,t)/A^ito,t). 



Since detA(to,t;LJ,uj) 
can be rewritten as 



-2iujs ^{t,to)A^(to,t), the expectation value {(p^ \U{t,t 0)4)0) 
1 



(0^|[/(t,to)0o) 



V\Mto,t)\ 



exp{ia{t,to)) 



(D.43) 



where the phase a{t,to) G C^{I x I) comes from a careful calculation of the principal 
argument. For a TIHO with constant frequency u > 0, we have a{t,to) = (to — t)uj/2 
for all t,to ^ IR- Given an arbitrary squared frequency ^(t), the phase a{t,to) evaluated 
at times t close to to is simply given by 



o-(t,to) 



arctan 



u;s(t, to) — UJ c{t, to) 
c(t,to) + s(t,to) 



(D.44) 



The a phase can be conveniently canceled through a suitable redefinition of the Hamil- 
tonian (D.19) just in the case when &{t,to) is independent of to. In that situation, by 
identifying {}{t) = &{t, to) in equation (D.22), we have that the redefined evolution oper- 
ator satisfies (0^ | f/i(t,to)0o) = ^/^/\AJtoM■ In the TIHO case, we get ^(t) = -w/2 
(this amounts to considering normal order). In general, it is not possible to proceed in 



Appendix D. The Time-dependent Harmonic Oscillator 



145 



this way in all cases when dealing with arbitrary time-dependent frequencies. In any 
case, the a phase is irrelevant for the calculation of transition probabilities. In particu- 
lar, given \l/2 G with \I'i = F\[a^^^ a* ) 0q , where F\ is some analytic function, we 
have 

Prob(^2,t2 I = 1(^2 I f/(t2,tl)^l)r 

^ K^2|i^i(Qc.H(ti,t2),a:H(ti,t2))exp(-E^(ti,t2)/(2A^(ti,t2))a:^)0g)P 

|^c.(tl,t2)| 



where the time dependence only appears through the Bogoliubov coefficients (D.40) and 



(D.41). Finally, it is important to point out that the transformations (D.39) and the 



evolution of the vacuum state (D.42) fully characterize the quantum time evolution of 



the TDHO. By using these relations, we can easily compute the action of U{t,to) on 
any basic vector = {l/VnJ.) a'^cj)'^ . 



D.3 Semiclassical states 

In this section, we will look for states that behave semiclassically under the dynamics 



defined by the quantum Hamiltonian (D.19). We will base our study on the concrete 



factorization of the evolution operator defined in Theorem D.2.2 . To achieve this goal, 
note that the eigenvalue problem for the Lewis invariant (D.28) can be exactly solved. 
Indeed, let us fix to ^ and let (0„ : n G Nq) be the eigenstates (D.34) of the auxiliary 
Hamiltonian Hq (D.27) corresponding to unit frequency uj = 1. According to relation 



(D.29), the initial states 'ipnito) 



1 



2"n!v^p(to) 



1/2 



exp I - I + 



2 Vp(to) p'(to) 



gM^f„(g/p(to))GL2(M,dg) 



labeled both by p and the integers n G Nq, are eigenstates of /p(to) with eigenvalues 
equal to n + 1/2. Consider now the initial pure state 



oo 

2 /o \ ^ Z 



-\z\'/2 



vnl 



n=0 



(D.45) 



with := e-l^l'/2^ 



n=0 ^ATTV^" 



being the well-known coherent states for the Hamilto- 
nian Hq . Let us take the annihilation and creation operators a and a* for unit frequency 
LJ = 1 defined in (D.38). The superposition (D.45) is a normalized eigenvector of the 



(time-dependent) annihilation operator 
ap(to) := T-\to) aTp{to) = 



{Q/p{to) + i{p{to)P-p{to)Q)), 



(D.46) 
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in the sense that ap(to)$p^^(io) = z^p^\to) . This operator, together with the associated 
creation operator 

a;(to) := T-^(to) a* T,{to) = -^{Q/p{to) - t{p{to)P - p(to)Q)) , 

satisfies the Heisenberg algebra, [ap(to),a*p(to)] = 1, [ap(to), ap(^o)] = = [a*(to), a *(to)] , 
for each initial value of the time parameter to . In particular, the Lewis invariant ( |D.28 ) 
may be expressed in terms of these operators as /p(to) = ci*p(to)ap{to) + (1/2)1 . Through 
unitary time evolution, we get 

^PitM := f/(t,to)<f?)(to) = exp (^-'- $(^.(Mo))(^) ^ (D.47) 

where we have denoted 

Zp{t,to) := exp ( -i [ -^^]z, zEC. 

V J to p\vJ 



We want to remark that the time-dependent phase appearing in (D.47) is necessary for 
these states to verify the Schrodinger equation. In our case, they coincide with those 
defined in equation (4.6) of reference [15]. We conclude that the family of states (D.45) 
is closed under the dynamics. Moreover, the following theorem can be used to justify 
that these states can be considered as semiclassical under certain assumptions. 

Theorem D.3.1. Let z = x + iy & C and to G /. The position and momentum 
expectation values in the state ^l^\t,to) = U{t,to)^p^\to) satisfy 

quit^to) = {^^;\t,to)\Q^^;\t,to)) = ^pit)Re[zp{t,to)\. 

PH{t,to) = {<l>^;\t,to)\P<!>f\t,to)) = V2Re[{p{t)-z/p{t))zp{t,to)], 

where {qhjPh) is the classical solution (D.l^) determined by the Cauchy data {q,p) = 
[\/2p{to)x, V2{p{to)x + y/p{to))) at time to . Moreover, the mean square deviations of 

the position and momentum operators with respect to the evolved state ^p^\t,to), 

\i^\tM>)Q = ^P(t^ ' ^^^;\t,to)P = 71 \p(^^ - 'P''(t^\ ' 

are independent of both to and the Cauchy data defined by z . 

Remark D.3.1. Given any observable (9, its uncertainty in the state \E' G 3!o is defined 

1 /2 

as A^C := I - 1 O'^Y) . Note that, in general, the elements of the family 
of states under consideration are neither standard coherent states nor squeezed states. 
For instance, for the free particle (D.4) one can choose p(t) = a/1 + (t — ^o)^ and, hence, 
A^(z)|,^ ^^-jQ ~ tj\/2 for large values of t\ similar results occur for other elections of p. 
Nevertheless, it is obvious that we will obtain good semiclassical states for a system 
whenever the solution p to the auxiliary EP equation (D.9) has a suitable behavior, for 
instance, if p is periodic in time or is simply a bounded function. We will analyze some 
clarifying examples in this respect. 
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Example 1 (Vertically driven pendulum). Consider the vertically driven pendulum 
[16], i.e., the motion of a physical pendulum whose supporting point oscillates in the 
vertical direction. In the small angles regime, it is described by the Mathieu equation 
in its canonical form [17] 

'u(t) + K{t; a, b)u(t) = , K,{t; a, b) := a — 2b cos(2t) , a, 6 G M . 

The general solution to this equation is a real linear combination of the so-called Math- 
ieu cosine and sine functions [18,19], denoted respectively as Ce(t;a,b) and Se(t;a,b). 
Given a nonzero b value, it is a well-known fact that the Mathieu cosine and sine func- 
tions are periodic in the time parameter t only for certain (countable number of) values 
of the a parameter, called characteristic values. The procedure to calculate these char- 
acteristic values for even or odd Mathieu functions with characteristic exponent r G Z 
and parameter b can be efficiently implemented in a computer. In this case, solutions to 



the EP equation (D.9) inherit the periodic behavior from the Mathieu solutions, in such 
a way that one obtains well-behaved semiclassical states for which the average position 
and momentum follow the classical trajectories, whereas the corresponding uncertain- 
ties vary periodically in time. Note that, for small values of the b parameter, we have 
Ce{t]a,b) ~ cos{y/at) and Se(t;a,b) ~ sm{y/at), and the system closely approximates 
the TIHO with squared frequency given by the a parameter. 

Example 2 (T^ Gowdy-like oscillator). Consider the TDHO equation 

u{t) + K{t; uj)u(t) = , K(t; uj) := + ^ , ueR, t G (0, +oo) . 

4t^ 

This equation is satisfied for each mode of the scalar fields encoding the information 
about the gravitational local degrees of freedom of the Gowdy models. In terms of 
the zero Bessel functions of first and second kind [19], denoted Jq and Yq respectively. 



the c and s solutions introduced in section D.l are given by 



c(t,to) = '^(^^Yo{uto)-2uVioiYi{ujto)yo{uJt) (D.49) 

- ^ (^^^Joiujto) - 2uj^/toiJi{ujto)^Yo{ujt), 

s(t,to) = ~VtoiYo{ujto)Mujt) + '^Vt;;iJoiujto)Yo{ujt). (D.50) 

Note that the squared frequency is a sum of a positive constant u"^ plus a decreasing 



function of time, so t 
to infinity. In figure 



lat t he system approaches a time-independent oscillator as t tends 



D.l 



we show states $p^^(t,to) that behave as coherent states for 



large values of the time parameter. The classical equation of motion has a singularity 



^AU Mathieu functions have the form exp(irt)F(i), where r is the characteristic exponent and the 
function F{t) has period 2n. 
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Figure D.l: Variances of the position and momentum operators for the 3-torus Gowdy- 
type oscillator. Here, p{t) = J7rt{j^{ujt) + Y^{u;t)) /2. The ^i'\t,to) are states of 



minimum uncertainty for times t far from the singularity at t = . 

at t = which translates into the vanishing of the uncertainty of the position operator 
-and, hence, into the divergence of the variance for the conjugate momentum- at that 
instant of time. 

There are other interesting effects due to the classical singularity. Let us consider 



again the study of transition amplitudes developed in subsection D.2.4 and take Ui = 
UJ2 = uj. We proceed to analyze the behavior of the (unique) state \E'(t2,ti) that evolves 
to the vacuum state 0q at time ^2 when used as Cauchy data in ti < ^2 , i-e.. 

The transition amplitudes | '^{t2, h)) = (02n I U{ti, ^2)00 )' ''^ ^ ^o, can be computed 



by using (D.37). We recognize two regions of interest in the time domain, 

To+ := {(ti,t2) I < ti < cj"^ < t2} and T++ := {(ti, t2) | ^^"^ < ti < ^2} • 

In T++, the asymptotic behavior of the Bessel functions for large values of the time 
parameter [19] leads the system to behave as a TIHO of constant frequency 00, with 
^(^2;^i) ~ 00 • other hand, in the region To+ , the proximity of ti to the 

classical singularity manifests itself in the fact that the wave function takes the form 
'^{t2,ti) ~ 0. Note that this behavior is in conflict with the unitary evolution of the 
system, which implies ||\l/(t2, ii)|| = 1 • 

Example 3 Let us consider now a harmonic oscillator of the type analyzed in Chapters 
[7] and corresponding to the x §^ and §^ Gowdy models. Here, the modes satisfy 
equations of motion of the form 

u{t) + K{t;uj)u{t) = 0, K(t;tc;) := + ^(1 + csc^t) , ujER, tG (0,7r). 
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Figure D.2: Variances of the position and momentum operators for the 3- 
handle and 3-sphere Gowdy-type oscillators. Here, we take the solution p(t) = 

A/sint(^^^^,_-^ -1^2 (cost) + =S^^,_-^j^2(cost))"'^''^ to the auxiliar Ermakov-Pinney equation. 
In particular, graphics correspond to cj' = 5 . 

In this case, in terms of first and second class Legendre functions [19] and 
X G M , we have 

c(t,to) = -\/sint/ sintp^ t^'-i (cost) ((1 + uj')^ i+u,' (costp) — u' ^ u,'-i (costp)) 

2 2^2 2 

— -\/smt/ sin tQ^ ^/-i (cost) ((1 + cuQ^ i+^z (cos tp) — uj' ^ ^i-i (costp)) , 

2 2^2 2 

s{t,tQ) = \J sin t sin tp (cos tp) 3^ ^i-i (cos t) — Si^ ^I'-i (cos t^^ ^i-\ (cost)) ,(D.51) 



where uj' := Vl + 4ci;2 . In figure D.2, we show the behavior of states ^p^\t, tp) for which 
the uncertainties of the position and momentum operators have an oscillatory behavior 
far enough from the singularities occurring at t = and t = vr. Although p does not 
vary periodically, the function remains bounded and, thus, the $p^''(t,tp) states can be 
used to perform a semiclassical study of these models. Finally, one may proceed as in 
the 3-torus case in order to analyze the way the classical singularities affect the quantum 
behavior of the systems, obtaining similar results. 
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Appendix E 

Fock Spaces 



Consider a quantum mechanical system consisting of (possibly a variable number of) 
identical particles. Their indistinguishability at the atomic level is reflected by the so- 
called symmetrization principle, according to which the pure states of the system under 
consideration must be either completely symmetric or antisymmetric under the exchange 
of any two particles. Starting from such a general assumption, it is then possible to prove 
in the context of the quantiim theory of local fields the so-called spin- statistics theorem, 
which divides particles into two groups: The pure states of a system of identical par- 
ticles are symmetric (antisymmetric) if they have integer (half-integer) spin. Particles 
which exhibit symmetric states (bosons) satisfy the Bose-Einstein statistics, whereas 
particles with antisymmetric states (fermions) obey the Fermi-Dirac statistics. In this 
appendix, we construct the bosonic/fermionic Fock spaces used for the description of 
these systems, as well as the representation of the corresponding canonical commuta- 
tion/anticommutation relations. 



E.l Symmetric and antisymmetric Fock spaces 

Let J^f be a (separable) one-particle Hilbert space. Denote by J^®", n E N, the 
n-fold Hilbert tensor product of Jif, i.e., the Cauchy completion of the pre-Hilbert space 
of finite linear combinations of elements of the form Xi(S> ■ • ■ <^Xn, Xi, . . . ,Xn £ with 
respect to the inner product 

(xi (g) • • • (g) I yi (8) • • • (g) yn)^'®^ := {xi \ yi)jff ■ ■ ■ {xn\ yn)jif , xi, . . . ,yn e J^f . 

If {ipk '■ A; G N} is an orthonormal basis in J^, then {^Pki ® ^pk2 (E) ■ ■ ■ ^ ^Pkn '■ ^ ^} is 
an orthonormal basis in J^®'*. We define the Fock space over by the direct sum 

oo 

^{J^) := 0.^®" = C © ^ © J^^^ © ■ ■ • , 

n=0 

where we have set J^'^^ := C. This is the state space for an indeterminate number 
of particles of the same species. It is separable if J^f is. Note that each element t/j e 
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^{M') can be identified with a sequence of vectors -0 = {'0^'*'*}n>O) with e C and 
^{n) g j^®"^ n > 1. The inner product of any two vectors "0 ^ ^{M') is then given 
by 

oo 
n=l 

Obviously, it is not ^{M') itself but the closed subspaces of symmetric/antisymmetric 
tensor products which are frequently used in quantum field theory. Denote by n„ the 
permutation group of n elements. For each o" e n„, we define the operator T„ on basis 
elements of ®" by 

To- extends by linearity to a unitary operator on The map o" G n„ i-^ T^- G 

^{,^®^^) then defines a unitary representation of n„ on t^®", with To-jo-a = T„^T„,^ and 
Tl = T^^ = T„-i. A tensor u G Jf®" is called symmetric if T^-m = m, Vcr G n„, and 
antisymmetric if To-it = sgn((j)ii, Vcr G n„, where sgn : n„ — > {—1, 1} takes the values 
+1 or —1 depending on whether a is an even or odd permutation, respectively. It is 
easy to show that the operators 



,(n) 



lVsgn(a)r,, 
nl ^-^ 



are orthogonal projections on The range of (resp. ^i"') is called the n-fold 

symmetric (resp. antisymmetric) tensor product of . We now define the bosonic or 
symmetric Fock space over by 

oo 
n=0 

and, similarly, the fermionic or antisymmetric Fock space over as 

oo 
n=0 

with ^± : ^(^) — > being called the symmetrization (the + sign) and an- 

tisymmetrization (the — sign) projections. Finally, we introduce the so-called vacuum 
state, 

*o (1,0,0,...), 
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which represents the state of the system with no particles. Note that the state so defined 
is normahzed. 

Let {(fik} be an orthonormal basis of J^. With the aim of constructing an orthonor- 
mal basis for the Fock spaces ^±{J^), it suffices to consider the states 

\m, 712, . . .)± e±^±((^f 1 (g) ipT' (8) . . .) , ^ rife = AT < +00 , 



for finite nonzero sequences {uk G No}. The \ni,n2, ■ . ■)± vector describes an assembly 
of identical bosonic (the + sign) or fermionic (the — sign) particles, in which the state 
ifk is occupied by particles. The integers n^, k eN, are called the occupation numbers 
of these states. Note that ^_((/?f^ (8) • • • ) = in the antisymmetric case, so that two 
identical fermions cannot occupy the same quantum state at the same time. This last 
result is referred to as the Pauli exclusion principle, according to which Uk G {0, 1}, V/c, 
for fermionic systems. This is precisely the main qualitative difference between fcrmion 
and boson particles; the absence of the Pauli principle for the latter particles implies 
that there is no bound on the number of bosons that can occupy a state. 



E.2 Creation and annihilation operators 

Let N be the self-adjoint number operator on ^{J^f), 

iV^ = {n^(«)}„>o, yjE^N, 

with dense domain = = {V'*'"^}n>o I Xln>o^^ll'^''"''ll^ ^ +oo}. For each vector 
/ G we define the creation and annihilation operators on ^[J^), respectively C{f) 
and A{f), by initially setting A(/)^(o) = 0, C{f)^^^'> = f, f e J^, and 

C(/)(/i®/2® ■■■»/„) = (n+l)i/V®/i®---®/n, 

Extension by hnearity leads to densely defined operators. Given G J^®", it is 
straightforward to check that 

r(/)^^")||<(n+l)^/^||/||||^('^)|| and P(/)^(«)|| < n^/2||/|| ||^(")|| , (E.l) 

so that C(/) and A{f) have well-defined extensions to the domain of the N^^"^ operator, 
satisfying 

\\c{m\, mm < wfim + 1)^^^!! , ^ g ^^v. . (e.2) 

The adjoint relation 

(C(/)99 1 ^)^(^) = (99 1 A(/)^)^(^) (E.3) 



Appendix E. Fock spaces 



155 



holds for all (p^ip G We then define the creation and annihilation operators on 

the symmetric/antisymmetric Fock spaces ^±{J^) by 



verifying, by virtue of relations (E.2) and (E.3), 

{CMW I = I , WCiimi < 11/11 + ^y^'H , 

for all ip^ip E ^7vi/2- Moreover, since A{f) leaves the subspaces -< 
invariant, i.e., [A{f), l3^±] = 0, / G we get 

c±(/) = ^±c(/), A^U) = Mf)^±- 

Note that the maps / (—> C±{f) and / h-> A±{f), f G J^, are linear and antilin- 
ear, respectively. Finally, it is straightforward to calculate the canonical commutation 
relations 

A^g)] = = [CM), CM] , [A+{f), CM)] = if I 9)^^ , /, ^7 e ^ , 

(E.4) 

as well as the canonical anticommutation relations 

{A_U),AM)} = ^ = {C-U),CM)}, {AM),CM)} = {f\9)^^, f,9^^. 

(E.5) 

where we have used the notation {A, i?} := AB + BA. The fact that the occupation 
numbers can vary over all N for bosonic particles is refiected by the unboundedness of 
the creation and annihilation operators. On the contrary, these operators have bounded 
extensions in the antisymmetric case as a consequence of Pauli principle. 
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